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Abstract 


Let  <7— (V,E)  be  an  undirected  graph  whose  edges  may  fail,  and  let  Gk  denote  G  with  a 
set  KCV  specified.  Edge  failures  are  assumed  to  be  statistically  independent  and  to  have 
known  probabilities.  The  K-terminal  reliability  of  G *,  denoted  R(GK),  is  the  probability  that 
all  vertices  in  K  are  connected  by  working  edges.  New  reduction  techniques  are  presented 
which  decrease  the  complexity  of  computing  R(Gk),  a  task  which  is  NP-hard  in  general. 
Reliability-computing  algorithms  which  use  these  reductions  are  developed  and  their  complexi¬ 
ties  are  analyzed. 

If  G  is  series-parallel,  G *  will  either  be  ’s-p  reducible*  or  "s-p  complex"  depending  on 
the  configuration  of  the  vertices  in  K.  If  Gk  is  s-p  reducible,  R  ( GK)  can  be  computed  in  poly¬ 
nomial  time  by  using  standard  series-parallel  reduction  techniques  which  reduce  Gk  to  a  single 
edge  whose  reliability  is  trivially  evaluated.  But  if  GK  is  s-p  complex,  R(Gk)  cannot  be 
evaluated  in  this  way.  Until  now,  only  exponential-time  algorithms  as  used  on  general  graphs 
were  known  for  computing  R(Gk)  in  the  s-p  complex  case.  However,  by  developing  a  new  set 
of  reliability-preserving  reductions,  we  prove  that  R  (  Gk)  can  be  computed  in  polynomial  time 
in  the  s-p  complex  case,  too. 

These  new  'polygon-to-chain*  reductions  are  of  general  applicability  and  always  decrease 
the  size  of  a  graph.  If  a  series-parallel  graph  does  not  admit  a  standard  reduction,  then  we 
prove  that  it  must  admit  a  polygon-to-chain  reduction.  Combining  all  types  of  reductions,  an 
0(|E|)  algorithm  is  presented  for  computing  the  reliability  of  any  series-parallel  graph  irrespec¬ 
tive  of  the  vertices  in  K.  The  algorithm  is  extended  to  make  all  possible  reductions  in  a  graph 
which  is  not  series-parallel,  and  results  are  extended  to  handle  graphs  with  unreliable  vertices. 

Suppose  GK-CgU  0^  such  that  EnE-0,  VnV-{ii,v),  |E|>2  and  |E|>2.  The  vertices 
{u,  y}  are  called  a  separating  pair.  We  prove  that  any  subgraph  between  a  separating  pair  such 
as  Gk  may  be  replaced  by  a  chain  of  one,  two  or  three  edges  between  u  and  v  such  that  the 
reliability  of  GK  is  preserved.  This  is  a  generalization  of  earlier  results  which  showed  that  for 
certain  configurations  of  K,  a  subgraph  such  as  G^  could  be  replaced  by  a  single  edge.  We 
show  how  this  reduction  can  be  carried  out  by  computing  no  more  than  four  K-terminal  relia¬ 
bility  problems  defined  on  G*.  Results  are  also  extended  to  graphs  with  unreliable  vertices, 
although  in  this  use  the  reduction  may  require  the  computation  of  up  to  six  reliability  prob¬ 
lems  defined  on  G*. 

A  factoring  algorithm  for  computing  network  reliability  recursively  applies  the  formula 
/?(Gk)"P,2I(Gk  *c,)+?,2?(Gk-c<)  where  GK  V,  is  Gk  with  edge  e,  contracted,  GK-e,  is  GK 
with  e,  deleted  and  pr’^-Qt  is  the  reliability  of  edge  e,.  Various  reliability-preserving  reduc¬ 
tions  may  be  performed  after  each  factoring  operation  in  order  to  reduce  computational  com¬ 
plexity.  We  show  that  for  2<|K|45  or  |V|-2<  |K|<  |V|,  the  complexity  of  a  properly  imple¬ 
mented  factoring  algorithm  using  standard  series,  parallel  and  degree-2  reductions  along  with 
the  polygon-to-chain  reductions  will  be  bounded  above  by  a  combinatorial  invariant  of  G  called 
the  minimum  domination.  The  factoring  algorithm  with  polygon-to-chain  reductions  will  always 
perform  as  well  as  or  better  than  the  algorithm  using  only  standard  reductions,  and  for  some 
networks,  it  will  outperform  the  simpler  algorithm  by  an  exponential  factor. 
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Chapter  1 


Introduction 


Analysis  of  network  reliability  is  important  in  computer,  communication,  power  and  vari¬ 
ous  other  networks.  Components  of  a  particular  network  may  be  subject  to  random  failure  and 
the  network  may  or  may  not  continue  to  function  after  some  of  its  components  have  failed. 
We  wish,  as  efficiently  as  possible,  to  determine  the  probability  that  the  network  is  functional. 
The  purpose  of  this  thesis  is  to  develop  new  reduction  techniques  for  computing  network  relia¬ 
bility  and  to  show  how  computational  complexity  can  be  decreased  by  using  these  techniques. 

The  network  model  which  is  used  in  this  work  may  be  thought  of  as  a  communication 
network  with  duplex  communication  links  connecting  various  transceiving  stations.  Communi¬ 
cation  can  pass  in  both  directions  along  a  link  if  the  link  is  working;  no  communication  in 
either  direction  is  possible  if  the  link  has  failed.  The  network  is  considered  functional  if  a 
specified  set  of  the  transceiving  stations  is  able  to  communicate. 

A 

Although  very  simple,  this  model  produces  difficult  theoretical  and  computational  prob¬ 
lems.  This  simplicity  may  result  in  the  model  not  being  directly  applicable  to  many  real-world 
situations.  However,  when  this  is  the  case,  techniques  developed  here  may  provide  valuable 
tools  for  more  complex  analyses.  For  example,  we  will  assume  that  component-failure  proba¬ 
bilities  are  known  with  certainty.  If  t&s  is  not  true,  it  may  be  possible  to  estimate  a  probability 
distribution  for  the  reliability  of  the  network  by  combining  techniques  of  this  thesis  with 
numerical  integration  and/or  simulation. 

The  network  model  is  essentially  a  probabilistic  graph,  so,  in  the  next  section,  a  few  fun¬ 
damental  graph  theoretic  notions  will  be  defined.  These  notions  will  simplify  the  formal 
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definition  of  the  model  in  the  subsequent  section. 

1.1  Graph  Theory  Fundamentals 

A  graph  G-(V,E)  comprises  two  finite  sets:  V  is  the  set  of  vertices  and  E  is  the  set  of 
edges.  Each  edge  eeE  corresponds  to  an  unordered  pair  of  vertices,  that  is,  *>—(«,  v)  where 
i/,  v€ V.  The  vertices  u  and  v  are  called  the  endpoints  of  edge  e.  A  distinction  is  sometimes 
made  between  a  graph  and  a  multigraph.  In  a  graph,  no  two  edges  may  have  both  endpoints  in 
common,  but  this  is  permissible  in  a  multigraph.  For  simplicity,  we  shall  allow  such  parallel 
edges  and  still  call  G  a  graph.  An  edge  of  the  form  e-(u,u),  called  a  self-loop,  is  also  allowed. 
A  graph  with  self-loops  is  often  called  a  pseudo-graph  but,  again,  we  use  the  term  ’graph"  since 
no  confusion  results. 

If  there  exists  an  edge  e— (u,  v)  in  G,  then  u  and  v  are  said  to  be  adjacent  Edge  e  is 
incident  to  (with,  on)  both  u  and  v.  The  degree  of  a  vertex  v,  denoted  deg(v),  is  the  number 
of  edges  incident  on  v.  Two  vertices  are  connected  (or  communicate)  if  there  exists  a 

sequence  of  vertices  and  edges  of  the  form  u,  vt,  ( vj  v2) . (v,_t,v,),  v,,  (v,,v),  v. 

Such  a  sequence  is  a  path  and  the  path  is  simple  if  no  vertices  are  repeated.  If  the  first  and  last 
vertices  are  repeated,  the  path  is  a  cycle  If  only  the  first  and  last  vertices  are  repeated,  the 
cycle  is  simple.  A  set  of  vertices  K£V  is  connected  if  there  exists  a  path  between  all  pairs  of 
vertices  in  K.  G  is  said  to  be  connected  if  V  is  connected.  A  tree  is  a  connected  graph  with  no 
cycles. 

A  graph  G'-(V',E')  is  a  subgraph  of  G-(V,E)  if  V'£V  and  E'CE.  G-v  denotes  the 
subgraph  of  G  obtained  by  deleting  vertex  v  from  G,  i.e.,  G- v-(V-  v,E-Eo)  where 
Eo-leeE  :  v  is  an  endpoint  of  e).  If  G  is  connected,  but  G— v  is  disconnected,  then  v  is  a 
cutvertex  of  G.  A  nonseparable  or  biconnected  graph  contains  no  cutvertices.  A  block  of  a 
graph  is  a  maximal  nonseparable  subgraph. 

Deletion  of  an  edge  from  from  a  graph  can  also  disconnect  that  graph.  G-e  denotes  the 
subgraph  obtained  from  G  by  deleting  edge  e  from  G,  i.e.,  G-e-(V,E-e).  If  G-e  is  discon- 
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nected,  then  e  is  a  bridge  in  G. 

The  reader  should  consult  a  standard  text  such  as  Harary  119691  for  a  more  basic  and 
comprehensive  discussion  of  graph  theory  and  for  any  terms  not  defined  here. 

1.2  Formal  Model  and  Problem  Definition 

Let  Gr-(V,E)  be  a  graph  whose  edges  may  fail,  independently  of  each  other,  with  known 
probabilities.  Vertices  are  assumed  to  be  perfectly  reliable.  The  edge-failure  probability  for 
edge  et  is  given  by  q,  and  the  edge  reliability  is  given  by  p^l~qh  Assume  for  now  that  these 
probabilities  are  all  given  for  a  particular  instant  of  time,  r.  Two  different  interpretations  will 
be  provided  shortly. 

For  reliability  purposes,  a  set  KCV  must  be  specified  for  G.  Such  vertices  will  be 
referred  to  as  the  K-rertices  of  G  and  used  to  denote  the  graph  G  with  K  specified.  Both 
the  terms  'graph"  and  "network"  will  be  used  to  refer  to  GK  with  or  without  the  associated  edge 
reliabilities  since  no  confusion  results.  Strictly  speaking,  however,  a  network  is  a  graph  whose 
components  have  additional  properties  or  constraints  imposed  upon  them.  Now,  the  K- 
ttnninal  reliability  of  GK,  denoted  R(Gk)>  is  simply  the  probability,  at  time  r,  that  all  K- 
vertices  in  GK  are  connected  by  working  edges,  unless  |K|-1  in  which  case  /?(GK)sl.  (We 
shall  use  the  shorter  phrase  "G k  is  connected’  to  mean  that  the  K-vertices  in  GK  are  con¬ 
nected.)  For  historical  reasons,  most  authors  (see  Hwang  et  al.  (1981]  for  a  good  review  and 
bibliography)  have  considered  the  computation  of  R(Gy)  only  when  |K|-2  or  K-V.  However, 
the  case  where  2<|K|<|V|  has  been  handled,  in  varying  degrees  of  generality,  by  some 
authors  (Ball  (1979,  1980],  Buzacott  [1980],  Johnson [1982],  Rosenthal  [1977],  Satyanarayana 
[1982],  Wood  [1980]),  and  most  of  the  results  of  this  work  will  be  valid  for  any  set  K.. 

Our  definition  of  network  reliability  can  be  generalized  to  handle  the  case  where  the  ver¬ 
tices  in  a  graph  are  unreliable,  but,  unfortunately,  this  greatly  complicates  analysis.  Neverthe¬ 
less,  many  results  of  this  thesis  can  be  extended  to  handle  unreliable  vertices  and,  where  possi¬ 
ble,  extended  results  will  be  stated.  When  vertex  failures  are  considered,  it  will  be  assumed 
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that  all  K-vertices  are  completely  reliable  since  any  K-vertex  failing  implies  that  the  whole  net¬ 
work  has  failed. 

As  previously  mentioned,  network  reliability  can  have  two  major  interpretations  depend¬ 
ing  on  the  meaning  of  the  edge-failure  probabilities.  In  the  first  scenario,  consider  a  network  in 
which  the  edges  fail  over  time  and  are  not  repaired.  At  any  particular  instant  of  time  r,  q,  can 
be  interpreted  as  the  probability  that  edge  e,  has  failed;  perhaps  a  set  of  time-to-failure  proba 
bility  distributions  {£(?),  i—1.  . . .  ,|E|}  is  specified  and  q,— F,(t).  Then  R(G^)  is  the  proba¬ 
bility  that  Gk  is  still  functional  at  time  r. 

Another  interpretation  can  be  made  for  a  system  in  which  the  components  fail,  are 
repaired,  fail,  are  repaired,  etc.  If  these  sequences  of  failure  and  repair  times  form  independent 
renewal  processes,  then  the  asymptotic  failure  probabilities  are  given  by 
q^EWii/iElDjl+EWt])  where  £U),1  is  the  expected  length  of  time  edge  e,  is  down  (failed) 
and  E[U,]  is  the  expected  length  of  time  the  edge  is  up  (functioning).  R(GK)  is  then  the 
steady-state  probability  that  the  network  is  functioning  (Barlow  and  Proschan  [1975)). 

We  will  limit  our  discussion  in  this  thesis  to  graphs  which  are  initially  connected  and  non- 
separable.  Suppose  we  wish  to  determine  R(G *)  but  G  is  disconnected.  If  the  K-vertices  are 
disconnected  then  R(G K)=0  and  the  situation  is  distinctly  uninteresting.  If  G  is  initially 
disconnected  but  the  K-vertices  are  connected,  then  there  must  exist  a  connected  component  or 
subgraph  of  G,  say  G\  which  contains  all  the  K-vertices.  Thus  R(Gf)—R(G'f)  and  we  may 
ignore  the  rest  of  G.  A  graph  can  be  tested  for  connectivity  very  efficiently  but  the  point  is 
rather  moot  since  in  any  real-world  problem,  only  a  very  ill-defined  network  would  be  discon¬ 
nected  when  working  perfectly. 

Now,  suppose  G— (V,E)  is  connected  but  separable  and  let  veV  be  any  cutvertex  of  G. 
G  can  be  partitioned  into  two  connected  subgraphs  G(1)-(V1,Ei)  and  G(2,-(V2,E2)  such  that 
V,uVj-V,  V,nV2-v,  EjUEjtE  and  EiDEy-a.  Also,  E, *0  and  Ej*0.  Let  Ki-KDV,  and 
K2-KO  V2.  If  Ki-v-0  or  Kj- v-0,  then  the  corresponding  component  is  irrelevant  and  may 
be  disregarded.  Otherwise,  it  is  well  known  that  R(Gy)^R{G(1\^,) R(G{2\}+v).  Thus  the 
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reliability  of  a  separable  graph  can  be  computed  by  evaluating  the  reliabilities  of  its  blocks 
separately.  The  blocks  of  a  graph  can  be  identified  easily  using  biconnected  decomposition  via 
depth-first-search  (Taijan  [19721),  ana,  for  this  reason,  we  henceforth  consider  only  nonsepar- 
able  graphs. 

1.3  Problem  Complexity 

The  K-terminal  network  reliability  problem  belongs  to  the  class  of  NP-hard  problems  (Ball 
[1980],  Ball  and  Provan  [1981],  Rosenthal  [1974],  Valiant  [1977]).  This  class  contains  all  those 
problems  which  are  at  least  as  hard  as  the  well-known  NP-complete  problems  such  as  the 
satisfiability  problem  and  the  traveling  salesman  problem.  In  addition.  Valiant  [1977]  and  Ball 
and  Provan  [1981]  have  shown  that  respectively,  the  two-terminal  and  all-terminal  problems 
belong  to  the  class  of  #-P  complete  (number-P  complete)  problems  which  implies  that  they  are 
of  similar  difficulty  to  a  variety  of  enumeration  problems  (counting,  not  listing)  such  as  count¬ 
ing  the  number  of  satisfying  assignments  of  variables  in  a  boolean,  conjunctive  normal  form 
expression,  counting  the  number  of  source-to-terminal  paths  in  a  network,  etc. 

In  order  to  get  a  feel  for  the  inherent  difficulty  of  the  network  reliability  problem,  con¬ 
sider  the  standard  test  for  membership  in  Given  a  tentative  solution  to  the  problem 
expressed  in  decision  form,  can  we  check  in  polynomial  time  whether  or  not  the  solution  is 
valid?  For  example,  the  statement  for  the  traveling  salesman  problem  defined  on  a  graph  G 
with  given  edge  lengths  is,  Ts  there  a  tour  of  length  L  or  less  in  the  given  network?”  If  a  ten¬ 
tative  solution,  i.e.,  a  tour,  is  proffered,  we  can  easily  check  in  polynomial  time  to  see  if  the 
”tour”  is  in  fact  a  valid  tour  and  whether  or  not  its  length  is  L  or  less.  Suppose  we  state  the 
reliability  problem  as  a  standard  decision  problem:  Ts  R  (  Gr)  <  a  for  a  given  set  of  edge  relia¬ 
bilities?”  No  structure  (that  we  know  of)  like  a  traveling  salesman  tour  can  be  submitted  as  a 
tentative  solution.  The  only  way  to  check  a  reliability  solution  is  to  go  back  and  compute  the 
reliability  of  the  network  once  again  from  the  start.  Thus  it  seems  that  the  K-terminal  reliabil¬ 
ity  problem  is  at  least  one  step  more  difficult  than  many  standard  combinatorial  optimization 
problems.  Additional  weight  is  given  to  our  argument  by  the  fact  that  the  reliability 
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approximation  problem  is  NP-hard  (Rosenthal  [1974])  and  by  the  fact  that,  unlike  many  other 
combinatorial  problems,  no  good  heuristic  procedures  exist  for  solving  the  reliability  problem. 

We  are  thus  dealing  with  an  inherently  intractable  problem  a<;d  any  general  algorithm  that 
we  can  devise  will  be  of  exponential  complexity  unless  someone  produces  an  earth-shattering 
breakthrough.  What  ran  be  done?  Well,  we  can  attempt  to  make  the  algorithms  that  we  do 
have  as  efficient  as  possible,  find  and  exploit  topological  properties  of  networks  so  as  to  reduce 
computational  complexity  and  search  for  special  classes  of  networks  which  admit  efficient, 
polynomial-time  solutions.  In  this  work,  contributions  are  made  along  all  of  these  lines. 

1.4  The  Factoring  Theorem  of  Network  Reliability 

Let  e,-(u,  v)  be  some  edge  of  a  graph  Gk  and  let  F,  denote  the  event  that  e,  is  working 
and  F,  denote  the  complementary  event.  Since  R(GK)  is  just  a  probability,  the  rules  of  condi¬ 
tional  probability  can  be  applied  to  obtain 

R(Gk)  -  p,R(Gx\F)  +  ?y/KGK|F;)  (1.1) 

GkIF,  actually  defines  a  new  graph  in  which  u  and  v  are  known  to  be  connected.  This  new 

induced  ^raph  (we  do  not  mean  induced  subgraph  in  the  standard  graph  theoretic  sense) 

denoted  G%-*eh  is  obtained  by  deleting  e,  and  merging  u  and  v  into  a  single  supervertex 

w-uUv.  If  either  u  or  v  is  a  K-vertex  then  w  is  a  K'-vertex.  More  formally,  GK  *e,  is 

defined  by 

G*e,  *■  (V— u— v+  w,E— ef),  w-ullv, 

|k  if  u,  vlK  °  2) 

^  "  |k-u—  v+w  if  K  or  veK 

Similarly,  GkIF,  defines  a  new  graph  denoted  G^-e,  where  G— e— (V,E-e,).  Figure  1.1  illus¬ 
trates  how  these  two  graphs  are  induced.  We  can  now  write  Equation  1.1  as 

R(Gk)  -  p,/?(GK  *e,)  +  q,R(GK-e,)  (1.3) 

That  this  relationship  holds  was  first  shown  in  Moore  and  Shannon  [1956]  and  is  known  as  the 

factoring  theorem  for  network  reliability. 

This  factoring  theorem  is  useful  in  two  ways.  First,  in  Chapters  2  and  3,  we  will  use  it  as 
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a  method  to  derive  and  prove  the  validity  of  some  new  reliability-preserving  reductions 
Roughly  speaking,  a  reliability-preserving  reduction  is  a  technique  whereby  some  subgraph  of 
G*  is  replaced  by  a  smaller  subgraph  to  obtain  G'*  such  that  RlG^^Cl  R(G'K)  where  ft  is  a 
constant  obtained  from  the  original  subgraph.  These  reductions  are  used  to  compute  reliability 
directly  where  possible  or  used  in  conjunction  with  other  more  general  methods  to  reduce  com¬ 
putational  complexity.  The  common  series  and  parallel  reductions  discussed  in  Chapter  2  are 
examples  of  reliability-preserving  reductions  where  ft  =  l. 

The  factoring  theorem  is  also  the  basis  for  a  whole  class  of  algorithms  for  computing  net¬ 
work  reliability.  Moskowitz  {1958]  was  the  first  to  employ  the  factoring  theorem  directly  as  a 
means  of  calculating  network  reliability.  Equation  1.3  can  be  recursively  applied  to  the  induced 
graphs  and  reliability-preserving  reductions  made  where  applicable  within  the  recursion.  Even¬ 
tually  the  induced  graphs  are  reduced  to  simple  structures,  like  single  edges,  for  which  reliabil¬ 
ity  is  trivially  computed,  or  some  K-vertices  become  disconnected,  in  which  case  the  reliability 
of  the  induced  graph  is  zero.  In  this  way,  the  reliability  of  any  network  may  be  computed,  at 
least  in  theory.  This  method  of  computing  network  reliability  is  known  as  factoring  and  is  a 
special  case  of  pivotal  decomposition  of  a  binary  coherent  system  (Barlow  and  Proschan 
[1975]).  Other  methods  of  network  reliability  evaluation  do  exist,  including  inclusion-exclusion 
approaches  (Satyanarayana  and  Prabhakar  [1978],  Satyanarayana  [1982]),  composition  (Buzacott 
[1980]),  simulation  (Kumamoto  er  al.  [1977],  Kumamoto  et  al.  [1980])  and  boolean-algebra 
methods  (Fratta  and  Montanari  [1973]).  (See  Hwang  et  at.  [1981]  for  a  fairly  complete  and 
well-organized  listing  of  works  in  the  different  areas.)  However,  of  these  general  methods,  only 
factoring-based  algorithms  and  their  complexity  will  be  discussed  in  this  thesis. 

1.5  Thesis  Outline  and  Summary  of  Results 

The  remainder  of  this  thesis  is  outlined  in  this  section.  In  Chapter  2,  we  first  prove  the 
validity  of  a  new  set  of  reliability-preserving  reductions  useful  for  the  K-terminal  reliability 
problem.  These  reductions,  called  polygon-to-chain  reductions,  are  topologically  similar  to  the 
well-known  parallel  reduction  but,  instead  of  replacing  two  edges  in  parallel  with  a  single  edge. 
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we  replace  two  chains  in  parallel  (a  polygon)  with  a  single  chain.  A  chain  is  basically  a  simple 
path  all  of  whose  vertices  except  the  first  and  last  have  degree  2. 

These  reductions,  along  with  several  standard  reductions,  are  then  used  to  prove  that  if  G 
has  an  underlying  series-parallel  structure,  R(G K)  can  be  computed  in  polynomial  time  for  any 
K.  The  class  of  graphs  which  can  be  analyzed  by  this  method  not  only  includes  the  well-studied 
and  easily  handled  two-terminal  series-parallel  graphs,  but  also  includes  a  whole  class  of  graphs 
previously  thought  to  require  exponential  time  to  solve.  An  0(|E|)  procedure.  Algorithm  2.1, 
is  detailed  which  either  computes  R  ( G*)  if  the  graph  is  in  the  designated  class  or  informs  us 
that  the  input  graph  is  not  a  member  of  the  class. 

We  subsequently  modify  Algorithm  2.1  in  order  to  apply  it  to  any  graph  so  as  to  make  all 
possible  standard  and  polygon-to-chain  reductions.  The  modified  algorithm  can  then  be  used  as 
a  subroutine  in  a  factoring  algorithm  for  computing  the  reliability  of  any  general  graph.  We 
conclude  Chapter  2  by  extending  earlier  results  to  the  case  where  vertices  not  in  K  are  unreli¬ 
able. 

Results  of  Chapter  3  are  direct  generalizations  of  the  results  of  Chapter  2.  If  we  can  parti¬ 
tion  a  graph  GK  into  two  parts  such  that  G>c“GgUGg,  EflE-0,  VnV— {u, v),  |E|>2  and 
|E|>2,  then  we  show  that  Gg  or  Gg  can  be  replaced  by  a  chain  in  a  reliability-preserving 
reduction.  The  pair  {«,  v)  is  called  a  separating  pair  and  the  reduction  described  above  can  be 
applied  in  a  systematic  fashion  using  triconnected  component  decomposition  which  partitions  a 
graph  along  its  separating  pairs.  Some  background  information  is  given  on  this  decomposition 
and  its  use  in  the  K-terminal  reliability  problem.  If  the  vertices  of  the  separating  pair  are 
unreliable,  our  reductions  can  be  validly  extended.  Details  of  this  extension  are  presented  but 
are  not  proven. 

Chapter  4  answers  the  question  "What  is  the  minimal  complexity  of  a  factoring  algorithm 
which  uses  standard  reductions  plus  the  new  polygon-to-chain  reductions  in  its  reduction  sub¬ 
routine?''  We  first  specify  the  general  outline  of  a  factoring  algorithm  and  then  review  some  of 
the  earlier  work  on  the  complexity  of  such  algorithms.  Satyanarayana  and  Chang  [1981]  have 


used  "domination  theory"  to  analyze  the  complexity  of  the  K-terminal  reliability  problem  using 
the  factoring  algorithm  along  with  series  and  parallel  reductions.  They  relate  a  graph  invariant 
called  domination  and  denoted  DiG^)  to  the  backtrack  search  structure  produced  by  the  factor¬ 
ing  algorithm.  They  show  that  the  factoring  algorithm  will  be  optimal  if  the  number  of  leaves 
in  its  backtrack  structure  is  equal  to  Z)(G*),  and  show  that  this  will  be  true  if  and  only  if  a  par¬ 
ticular  edge-selection  strategy  is  used  for  factoring.  Chang  [1981]  uses  minimum  domination, 
Af(G)  —  ^  DiG%),  to  find  an  optimal  factoring  algorithm  for  the  all-terminal  problem 

which  uses  degree-2  and  parallel  reductions. 

We  use  the  same  methods  to  find  an  optimal  edge-selection  strategy  when  |K|  is  within 
certain  limits.  Using  a  restricted  edge-selection  strategy,  we  show  that  for  2<|K|<5  or  for 
|V| — 2<  |K|<  |V|,  it  is  always  possible  to  compute  R(G^)  in  time  which  is  proportional  to 
MiG).  This  complexity  result  is  significant  since  domination  may  be  exponentially  larger  than 
minimum  domination.  It  also  means  that  we  can  compute  the  most  common  measure  of  relia¬ 
bility,  two-terminal  reliability,  in  approximately  the  same  amount  of  time  for  any  two  terminals 
in  a  given  graph.  Fmallj  "'t  remove  the  restriction  on  the  edge-selection  strategy  and  show 
that  MiG)  provides  a  tight  upper  bound  on  algorithmic  complexity. 
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Chapter  2 


Polygon-to-Chain  Reductions  and  Series-Parallel  Graphs 


2.1  Introduction 

While  the  network  reliability  problem  is  NP-hard  for  general  networks,  polynomial-time 
algorithms  do  exist  for  certain  network  configurations  such  as  "ladders*  and  "wheels’  and  for 
some  series-parallel  structures  such  as  "two- terminal"  series-parallel  networks.  In  this  chapter, 
we  show  that  a  class  of  series-parallel  networks,  for  which  only  exponentially  complex  algo¬ 
rithms  were  previously  known  (Hansler  et  al.  (1974],  Lin  et  al.  [1976],  Hwang  et  al.  [1981]), 
can  be  analyzed  in  polynomial  time.  In  doing  this,  we  introduce  a  new  reliability-preserving 
reduction  of  general  applicability  and  produce  a  linear-time  algorithm  for  computing  the  reliabil¬ 
ity  of  any  graph  with  an  underlying  series-parallel  structure. 

In  network  reliability  analysis,  three  reliability-preserving  reductions  are  well  known:  the 
series  reduction,  the  degree-2  reduction  (an  extension  of  the  series  reduction  for  problems  with 
|K |  >2)  and  the  parallel  reduction.  From  the  reliability  viewpoint,  we  classify  biconnected 
series-parallel  graphs  into  two  broad  types,  those  which  are  reducible  to  a  single  edge  using 
series,  parallel  and  degree-2  reductions,  and  those  which  are  not.  The  former  type  is  referred  to 
as  s-p  reducible  and  the  latter,  s-p  complex.  For  example,  the  series- parallel  graph  of  Figure 
2.1a  is  s-p  reducible  if  K  —  {v|,  v»J,  but  is  s-p  complex  for  K“{vi,  vj.  Thus,  the  reducibility 
of  a  series-parallel  graph,  for  the  purpose  of  reliability  evaluation,  depends  on  the  nature  of  the 
vertices  included  in  K.  A  more  detailed  exposition  of  this  concept  appears  in  section  2.2. 


The  K-terminal  reliability  of  an  s-p  reducible  graph  can  be  computed  in  polynomial  time. 
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Several  methods  exist  for  the  solution  of  the  terminal-pair  problem  for  such  a  graph,  i.e.,  for  a 
two-terminal  series-parallel  network  (Misra  [1970],  Sharma  [1976]),  and  for  |K|>2,  direct 
extensions  of  the  methods  can  be  used.  However,  researchers  have  considered  computation  of 
the  reliability  of  s-p  complex  graphs  to  be  as  hard  as  the  general  problem.  The  purpose  of  this 
chapter  is  to  present  an  efficient,  linear-time  algorithm  for  this  problem  by  introducing  a  new 
set  of  reliability-preserving  graph  reductions  called  polygon- to-chain  reductions. 

In  a  graph,  a  chain  is  an  alternating  sequence  of  vertices  and  edges,  starting  and  ending 
with  vertices  such  that  all  internal  vertices  have  degree  2.  Two  chains  with  the  same  end  ver¬ 
tices  constitute  a  polygon.  In  section  2.3,  we  show  that  a  polygon  can  be  replaced  by  a  chain 
and  that  this  transformation  will  yield  a  reliability-preserving  reduction.  We  discuss  the  rela¬ 
tionship  between  s-p  complex  graphs  and  polygons  in  section  2.4.  Using  the  polygon-to-chain 
reductions  in  conjunction  with  the  three  simple  reductions  mentioned  earlier,  a  polynomial-time 
procedure  is  then  outlined  which  will  compute  the  reliability  of  an  s-p  complex  graph.  This 
procedure  is  very  simple  but  not  necessarily  linear,  so  in  section  2.5  we  develop,  in  detail,  an 
efficient  algorithm  which  is  shown  to  operate  in  0(|E|)  time.  This  algorithm  will  compute  the 
K-terminal  reliability  of  any  graph  having  an  underlying  series-parallel  structure.  Finally,  in 
section  2.6,  we  discuss  how  the  algorithm  can  be  extended  to  reduce  a  nonseries-parallel  graph 
as  far  as  possible  so  that  it  could  be  used  as  a  subroutine  in  a  reliability  analysis  algorithm  for 
general  networks. 

2.2  Preliminaries 

Simple  reductions: 

In  order  to  reduce  the  size  of  graph  G*  and  therefore  reduce  the  complexity  of  computing 
/i(Gx),  three  well-known  simple  reductions  are  often  applied.  A  parallel  reduction  replaces  a 
pair  of  edges  eB-(u,  v)  and  e4-(u,v)  with  a  single  edge  ef-(u,  v)  such  that  pf-l 

Suppose  ea-(«,  v)  and  h>)  such  that  u^  w,  deg(v)— 2  and  vi  K.  A  series  reduc¬ 
tion  replaces  ea  and  et  with  a  single  edge  ec—(u,  w)  such  that  pc—paPb- 


If  G' k  is  the  graph  obtained  from  CK  after  a  series  or  parallel  reduction,  then 
RiG^-RiG'n).  In  other  words,  the  K-terminai  reliability  of  <?k  remains  invariant  under 
series  or  parallel  reductions. 

Suppose  ea—(«,  v)  and  (v, w),  such  that  u&w,  deg(v)— 2  and  {u, v, h>}£K.  A 
degree-2  reduction  replaces  ea  and  eb  with  a  single  edge  ec— (u,  w)  such  that  pc“PaPb/^~<laQ^ 
and  R(Gn)—(l-qttqt,) R(G'i-v),  where  G'  is  the  graph  obtained  from  G  by  replacing  ea  and 
e*  with  ec. 

The  simple  reductions  described  above  are  examples  of  reliability-preserving  reductions 
where  a  subgraph  of  G *  is  replaced  by  a  simpler  subgraph  to  obtain  G\  where 
R(Gk)—(IR(G'k)  and  the  multiplicative  factor  ft  is  derived  exclusively  from  the  original  sub¬ 
graph.  Of  course,  in  the  series  and  parallel  reductions  0=1  and  K'— K. 

Series-parallel  graphs: 

The  following  definition  should  not  be  confused  with  the  common  definition  of  a  "two- 
terminar  series-parallel  network  in  which  two  vertices  must  remain  fixed.  No  special  vertices 
are  distinguished  here.  In  a  graph,  edges  with  the  same  end  vertices  are  parallel  edges.  Two 
nonparallel  edges  are  adjacent  if  they  are  incident  on  a  common  vertex.  Two  adjacent  edges 
are  series  edges  if  their  common  vertex  is  of  degree  2.  Replacing  a  pair  of  series  (parallel) 
edges  by  a  single  edge  is  called  a  series  (parallel)  replacement  A  series-parallel  graph  is  a 
graph  that  can  be  reduced  to  a  tree  by  successive  series  and  parallel  replacements.  Clearly,  if  a 
series-parallel  graph  is  nonseparable,  then  the  resulting  tree,  after  making  all  series  and  parallel 
replacements,  contains  exactly  one  edge. 

We  wish  to  clarify  the  subtle  difference  between  the  term  'replacement”  used  here  and  the 
term  'reduction"  used  with  respect  to  simple  reductions.  By  reduction,  we  mean  a  reliability- 
pre'xsrving  reduction;  hence,  the  term  is  applicable  only  to  G^  On  the  other  hand,  a  replace¬ 
ment  is  defined  on  G ,  irrespective  of  K.  For  example,  in  graph  G  as  shown  in  Figure  2.1a, 
series  replacements  could  be  made  but  no  reductions  are  possible  in  the  corresponding  Gk  with 
K-{vi,  vj  (Figure  2.1b).  Motivated  by  this  distinction,  we  define  an  s-p  reducible  graph  and 
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an  s-p  complex  graph  next. 

s-p  reducible  graphs  and  s-p  complex  graphs: 

Clearly,  if  G  has  no  series  or  parallel  edges,  then  for  any  K,  Gk  admits  no  simple  reduc¬ 
tions.  If  G  is  a  series-parallel  graph,  then  a  simple  reduction  might  or  might  not  exist  in  Gk 
depending  upon  the  vertices  of  G  that  are  chosen  to  be  in  K.  For  example,  consider  the 
series-parallel  graph  G  of  Figure  2.1a.  The  graph  G k,  for  K  ■■  { v2  wj,  v«J  as  in  Figure  2.1c,  can 
be  reduced  to  a  single  edge  by  successive  simple  reductions.  On  the  other  hand,  for 
K“{vj,  vj,  Gk  has  no  reductions  (Figure  2.1b).  A  graph  G*  is  termed  s-p  reducible  if  it  can 
be  reduced  to  a  single  edge  by  successive,  simple  reductions. 

It  is  possible  for  a  (nonseparable)  series-parallel  graph  to  admit  one  or  more  simple  reduc¬ 
tions  for  a  specified  K  and  still  not  be  s-p  reducible.  As  an  illustration,  consider  G *  of  Figure 
2.  Id.  Two  series  reductions  may  be  applied  to  this  graph  to  obtain  the  graph  of  Figure  2.1e, 
but  no  further  simple  reductions  are  possible.  A  graph  GK  is  s-p  complex  if  G  is  a  series- 
parallel  graph,  but  GK  is  not  s-p  reducible.  An  s-p  complex  graph  may  or  may  not  admit  some 
simple  reductions. 

Chains  and  polygons: 

In  a  graph,  a  chain  x  is  an  alternating  sequence  of  distinct  vertices  and  edges, 
vii  (vi.  v2),  v2,  (v2, vj),  V3,  •  •  •,  v*_j,  (v*_j,v*),  vk,  such  that  the  internal  vertices, 
v2,  v},  ,  v*_(,  are  all  of  degree  2  and  the  end  vertices  vj  and  vk  are  of  degree  greater  than  2. 

A  chain  need  not  contain  any  internal  vertices,  but  it  must  contain  at  least  one  edge  and  the 
two  end  vertices.  The  length  of  a  chain  is  simply  the  number  of  edges  it  contains.  A  subchain 
is  a  connected  subset  of  a  chain  beginning  and  ending  with  a  vertex  and  containing  at  least  one 
edge.  Both  the  end  vertices  of  a  subchain  may  be  of  degree  2.  The  notation  \  will  also  be  used 
for  a  subchain  with  the  usage  differentiated  by  context. 

Suppose  xi  and  X2  are  two  chains  of  lengths  l\  and  /2,  respectively.  If  the  two  chains  have 
common  end  vertices  u  and  v,  then  xiuX2  is  ®  polygon  of  length  /|+/2.  In  other  words,  a 
polygon  is  a  cycle  with  the  property  that  exactly  two  vertices  of  the  cycle  are  of  degree  greater 
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chan  2.  While  this  definition  allows  two  parallel  edges  to  constitute  a  polygon,  we  will  initially 
require  a  polygon  to  be  of  length  at  least  3. 

2.3  Polygon-to-Chain  Reductions 

In  this  section,  a  new  set  of  reliability-preserving  reductions  will  be  introduced  which 
replaces  a  polygon  with  a  chain.  Consider  a  graph  Gk  which  does  not  admit  any  simple  reduc¬ 
tions  but  does  contain  some  polygon  A.  In  general,  no  such  A  need  exist,  but,  if  it  does  exist, 
then  the  number  of  possible  configurations  is  limited. 

Property  2.1:  Let  Gk  be  a  graph  which  admits  no  simple  reductions.  If  GK  contains  a  polygon, 
it  is  one  of  the  seven  types  given  in  the  first  column  of  Table  2.1. 

Proof:  This  follows  from  the  facts  that  (i)  every  degree-2  vertex  of  GK  is  a  K-vertex,  (ii)  there 
can  be  no  more  than  two  K-vertices  in  a  chain,  and  (iii)  the  length  of  any  chain  in  GK  is  at 
most  3.  □ 

We  will  use  the  factoring  theorem  described  in  Chapter  1  to  prove  the  validity  of  our  new 
reduction.  For  our  purposes  here,  factoring  will  only  be  applied  to  the  edges  of  a  single 
polygon  or  a  chain.  To  illustrate,  consider  the  graph  G k  of  Figure  2.2a,  which  contains  a  type  1 
polygon  with  3  edges,  e„,  eb  and  ec.  Let  F  denote  a  compound  event  or  "state*  such  as  FaFbFc 
and  let  F  be  the  set  containing  all  2 3  possible  states.  Also,  let  zr  1  if  the  event  F,  occurs  in  F 
and  let  z/-0  if  Ft  occurs.  In  other  words,  z,  is  an  indicator  variable  which  is  1  if  e,  works  and  is 
0  if  e,  has  failed.  Equation  1.1  can  be  extended  now  to 

*(Gk)  -  Xp/V'VV‘VV‘*c*(GkI£>  (2.1) 

f«r 

Figure  2.2b  shows  the  eight  graphs  induced  by  the  terms  of  the  above  equation.  Note  that  four 
of  the  induced  graphs  are  identical  and  that  two  others  are  failed,  i.e.,  have  zero  reliability, 
since  weK  is  disconnected  in  these  graphs.  With  the  above  introduction,  we  are  now  ready  to 
show  that  a  reliability-preserving  polygon-to-chain  reduction  exists  for  each  of  the  seven 
polygons  given  in  Table  2.1. 
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Theorem  1:  Suppose  GK  contains  a  type  j  polygon.  Let  GV  denote  the  graph  obtained  from 
Gk  by  replacing  the  polygon  A  ;  with  the  chain  x  j  having  appropriately  defined  edge  probabili¬ 
ties,  and  let  ft  ;  be  the  corresponding  multiplication  factor,  all  as  shown  in  Table  2.1.  Then, 
R(Gk)  -  ft;  /?(G'k). 

We  prove  the  exactness  of  reduction  7  only,  since  reductions  1-6  may  be  shown  in  a  simi¬ 
lar  fashion.  Figure  2.3  illustrates  the  use  of  the  theorem  on  a  general  graph  containing  a  type  7 
polygon  and  Figures  2.4  and  2.5  are  used  to  illustrate  the  proof  of  the  theorem.  To  improve 
readability  in  the  proof  and  table,  we  have  dropped  the  subscript  "7”  on  a,  /3,  8,  y,  and  ft  even 
though,  strictly  speaking,  these  parameters  are  all  functions  of  the  reduction  type. 

Proof  of  Theorem  1:  Let  F,  be  the  event  that  edge  et  in  the  polygon  is  working  and  let  F,  be 
the  event  that  edge  e,  has  failed.  F  denotes  a  compound  event  or  state  such  as  FaFbFcFdFtF/ 
and  F  denotes  the  set  of  all  26  such  states.  Also,  r>— 1  if  F,  occurs  and  z,— 0  if  F,  occurs.  By 
conditional  probability, 

*(Gk)  -  X  Pa'Qa'1'  ■  •  •  K\F)  (2.2) 

£tr 

Only  sixteen  of  the  possible  sixty-four  states  are  non-failed  states  where  /?(GKlF)^0. 
Each  non-failed  state  will  induce  a  new  graph  with  a  corresponding  set  of  K-vertices  of  which 
there  are  only  four  different  possibilities.  Figure  2.4  gives  these  four  graphs  G,.k(,  /— 1,2,3,4, 
plus  the  summed  state  probabilities  in  each  case,  a,  0,  8,  and  y.  Thus,  by  grouping  and  elim¬ 
inating  terms.  Equation  2.2  is  reduced  to 

R(Gk)  —  aR(G\' k,)  +  /3/?(G2,Kj)  7-  dR(Gj^  +  y/?(G4tK4)  (2.3) 

Now  G'k'  is  obtained  from  Gk  by  replacing  the  polygon  with  a  chain  u.e„  vt,  v2,e„  tv 
and  redefining  K  as  shown  in  Figure  2.5.  Using  conditional  probabilities  again, 

*«?'r>  -  Prq,P,R(G'K\(FrFsF,))  +  W,*(G'kUW,)> 

+  PrP^.RlG'MFj,))  +  P'P'qMG'MF.F,))  (24) 

where  only  the  non-failed  states  have  been  written. 


The  four  non-failed  states  of  GV  induce  the  same  four  graphs  which  the  non-failed  states 


FIGURE  2.3 


FIGURE  2.4 
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of  CP*  induce.  Multiplying  Equation  2.4  by  a  factor  ft,  we  thus  have 

ft  R(G' K')  “  ftPrfljPf/lCGl.K,)  +  ^IrPsPt^Glx) 

+  fiPrP,Q,R(G)  tL})  +  np,psp,R(G<Kt)  ^  ^ 

Equating,  term  by  term,  the  coefficients  in  Equations  2.3  and  2.S  gives 

a  -  ft  q,P,P,  -  ft(l -pr)p,P, 

P  -  Clprq,p,  -  npr(l-p,)p, 

8  -  (IPrP.q,  -  nprps{\-p,) 
y  -  nprP,Pt 

These  four  equations  in  the  four  unknowns  ft,  p„  p,  and  p,  may  be  easily  solved  to  obtain 
Pr  «+r  Pt  0+y 

Pi  _  _2_  .  (a+y)  (fi+y)  (8+y) 

8+>  y2 

which  are  the  values  given  in  Table  2. 1  for  a  type  7  polygon.  The  reader  may  verify  that  when 
these  values  are  substituted  into  Equation  2.4,  we  obtain 

ft  /?(GV)  +  f}R (G^Kj)  +8^((/3tiCj)  +  yR(Gi' k4) 

-/UGk)  □ 

Theorem  1  can  be  extended  to  give  a  result  which  can  be  useful  for  computing  the  relia¬ 
bility  of  a  general  graph.  In  a  nons^parable  graph,  a  pair  of  vertices  U,  v)  is  a  separating  pair 
if  G—GUG  where  |E|^2,  |E|>2,  EnE-0  and  VnV-{v,  w).  For  example,  vertices  u  and  v 
in  Figure  2. 5  are  a  separating  pair.  Using  the  same  conditioning  arguments  as  in  the  proof  of 
Theorem  1,  it  can  be  shown  that  any  subgraph  between  a  separating  pair  can  be  replaced  by  a 
chain  of  1,2,  or  3  edges  to  yield  a  reliability-preserving  reduction.  For  two  special  cases,  it  has 
been  shown  that  a  subgraph  between  a  separating  pair  can  be  replaced  by  a  single  edge 
(Rosenthal  (1974]).  The  first  case  arises  when  the  subgraph  including  the  separating  pair  has 
no  K-vertices,  and  the  second  case  arises  when  the  separating  pair  belongs  to  K.  The  fact  that 
a  chain  can  always  be  used  to  replace  any  subgraph,  irrespective  of  the  K-vertices,  greatly 
increases  the  generality  of  any  algorithm  which  uses  this  reduction.  In  chapter  3  we  will  discuss 
in  detail  how  this  extended  reduction  can  be  used  and  how  the  edge  reliabilities  for  the  derived 
chains  can  be  computed  in  an  efficient  manner. 
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2.4  Properties  of  s-p  Complex  Graphs 

In  this  section  we  set  down  some  properties  of  series-parallel  and,  in  particular,  s-p  com¬ 
plex  graphs.  We  prove  that  s-p  complex  graphs  must  admit  a  polygon- to-chain  reduction  if  all 
simple  reductions  have  first  been  performed.  Using  this  fact,  we  then  outline  a  simple 
polynomial-time  procedure  for  computing  the  reliability  of  such  graphs. 

The  following  property  is  a  simple  extension  of  the  definition  of  a  series-parallel  graph 

Property  2.2:  Let  G'  be  the  graph  obtained  from  G  by  applying  one  or  more  of  the  following 
operations: 

A  series  replacement; 

A  parallel  replacement; 

An  inverse  series  replacement  (replace  an  edge  by  two  edges  in  series); 

An  inverse  parallel  replacement  (replace  an  edge  by  two  edges  in  parallel). 

Then,  G'  is  a  series-parallel  graph  if  and  only  if  G  is  series-parallel. 

Proof  of  Property  2.2  may  be  found  in  Dufifin  (1965].  The  next  property  states  that  the 
series-parallel  structure  of  a  graph  is  not  altered  by  simple  or  polygon-to-chain  reductions. 

Property  2.3:  Let  G'K ■  be  the  graph  obtained  from  Gk  by  applying  a  simple  reduction  or  a 
polygon-to-chain  reduction  on  Gk.  Then,  G'  is  a  series-parallel  graph  if  and  only  if  G  is  series- 
parallel. 

Proof:  A  series  or  degree-2  reduction  implements  a  series  replacement,  and  a  parallel  reduction 
implements  a  parallel  replacement  on  G.  A  polygon-to-chain  reduction  can  be  considered  to 
implement  a  sequence  of  replacements  on  G:  first  one  or  more  series  replacements,  then  a 
parallel  replacement,  and  finally  one  or  more  inverse  series  replacements.  Hence,  by  applica¬ 
tion  of  Property  2.2  one  or  more  times,  G'  is  series-parallel  if  and  only  if  G  is  series-parallel.  □ 

An  important  implication  of  Property  2.3  is  that,  if  GK  is  s-p  complex,  then  application  of 
a  simple  reduction  to  G k  results  in  a  graph  which  again  is  s-p  complex.  On  the  other  hand,  a 
polygon-to-chain  reduction  on  Gk  results  in  a  graph  which  is  either  s-p  complex  or  s-p  reduci- 
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We.  By  next  proving  that  every  s-p  complex  graph  GK  admits  a  simple  reduction  or  a 
polygon-to-chain  reduction,  it  will  be  possible  to  show  that  R(GK)  can  be  computed  in  polyno¬ 
mial  time  for  such  graphs. 

Property  2.4:  Let  G*  be  an  s-p  complex  graph.  Then,  <7*  must  admit  either  a  simple  reduc¬ 
tion  or  one  of  the  seven  types  of  polygon-to-chain  reductions  given  in  Table  2.1. 

Proof:  If  <?k  admits  a  simple  reduction,  then  we  are  done.  If  G*  has  no  simple  reductions,  then 
by  Property  2.1,  any  polygon  of  G*  must  be  one  of  the  seven  types  given  in  Table  2.1.  Hence, 
we  need  only  show  that  G  contains  a  polygon.  Let  G'  be  the  graph  obtained  by  replacing  all 
chains  in  G  with  single  edges.  If  G'  contains  a  pair  of  parallel  edges,  then  the  two  chains  in  G 
corresponding  to  this  pair  of  edges  constitute  a  polygon.  We  argue  that  G’  must  contain  a  pair 
of  parallel  edges.  If  G'  has  no  parallel  edges,  no  simple  reductions  are  possible  in  G'  since  all 
vertices  in  G'  have  degree  greater  than  2.  Thus,  G'  and  hence  G  are  not  series-parallel  graphs, 
which  is  a  contradiction.  □ 

One  simple  procedure  for  computing  R(G*)  can  now  be  outlined  as  follows.  (1)  Make  all 
simple  reductions;  (2)  find  a  polygon  and  make  the  corresponding  reduction;  and  (3)  repeat 
steps  1  and  2  until  G*  is  reduced  to  a  single  edge.  If  G*  is  originally  s-p  complex,  then  Proper¬ 
ties  2.3  and  2.4  guarantee  that  the  above  procedure  eventually  reduces  Gk  to  a  single  edge. 
The  actual  reliability  is  calculated  by  initializing  A/— 1,  letting  M—Mtlj  whenever  a  polygon- 
to-chain  reduction  of  type  j  is  done,  and  letting  M—M(\-qaqb)  whenever  a  degree-2  reduc¬ 
tion  is  done  on  some  edges  ea  and  eb.  At  the  end  of  the  algorithm  with  a  single  remaining 
edge  et,  the  reliability  of  the  original  graph  is  given  by  R(Gy)~Mpt. 

The  total  number  of  parallel  and  polygon-to-chain  reductions  executed  by  this  procedure, 
before  the  graph  is  reduced  to  a  single  edge,  is  exactly  |E|-|V|+1.  This  is  because  the  number 
of  fundamental  cycles  in  a  connected  graph  is  |E| —  |V|+1,  and  a  parallel  or  polygon-to-chain 
reduction  deletes  exactly  one  such  cycle  (Deo  (1974)).  The  complexity  of  steps  (l)  and  (2) 
above  can  be  linear  in  the  size  of  G,  and  thus,  the  running  time  of  the  whole  procedure  is  at 
best  quadratic  in  the  size  of  G.  In  order  to  develop  a  linear-time  algorithm,  we  have  found  it 
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necessary  to  move  the  parallel  reduction  from  the  domain  of  simple  reductions  to  the  domain 
of  polygon-to-chain  reductions.  Indeed,  a  parallel  reduction  is  a  trivial  case  of  a  polygon-to- 
chain  reduction  with  a  multiplier  ft— 1.  We  will  henceforth  consider  two  parallel  edges  to  be 
the  type  8  polygon  and  the  parallel  reduction  to  be  the  type  8  polygon-to-chain  reduction 


2.5  An  0(|E|)  Algorithm  for  s-p  Complex  Graphs 

The  objective  in  this  section  is  to  develop  an  efficient,  linear-time  algorithm  for  comput¬ 
ing  the  reliability  of  an  s-p  complex  graph.  This  algorithm  should  also  compute  the  reliability 
of  an  s-p  reducible  graph  as  a  special  case  and  tell  us  if  the  graph  is  not  series-parallel.  All 
results  needed  to  present  this  algorithm  have  been  established;  however,  some  additional  nota¬ 
tion  and  definitions  must  be  given. 

If  u  and  v  are  the  end  vertices  of  a  chain  x>  then  u  and  v  are  said  to  be  chain-adjacent 
When  it  is  necessary  to  distinguish  these  vertices,  we  will  use  the  notation  x(u,  v)  A  subchain 
with  end  vertices  u  and  v  will  also  be  denoted  x(u,v),  but  in  this  case  u  and  v  cannot  be  said 
to  be  chain-adjacent.  If  A  is  a  polygon  formed  by  two  chains  x,(u,  v)  and  x2(u,  v),  then  we  use 
the  notation  A(u,v)— xt(u>v)Ux2(u,  v).  The  algorithm  is  presented  next,  followed  by  a  short 
discussion  and  then  a  proof  of  its  validity  and  linear  complexity. 

Algorithm  2.1 
MAIN 

Input:  A  nonseparable  graph  G  with  vertex  set  V,  |V|>2,  edge  set  E,  |E|>2,  and  set  K£V, 
|K)>2.  Edge  reliabilities  pt  for  each  edge  e,eE. 

Output:  R(Gk)  if  G  is  series-parallel  or  a  message  that  G  is  not  series-parallel. 

Variables:  G *  and  all  vertex  "marks”  are  represented  by  global  data  structures  and  variables. 
All  other  variables  are  local. 

(1)  (Initialize)  M— 1. 

(2)  (Initialize  list)  Construct  list,  r*-{v|  veV  and  deg(v)>2|  marking  all  such  v 
"onlist." 

(3)  (Perform  all  series  and  degree- 2  reductions) 

(a)  For  each  vertex  v€V  such  that  deg(v)— 2  and  vlK,  SERIESREDUCE(v). 

(b)  For  each  vertex  veV  such  that  deg(v)-2  and  v«K,  and  while  |E| >2, 
DEGREE2REDUCE  ( v,  M) . 
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(4)  If  T  is  empty  then 

(a)  (G  may  be  reduced  to  two  parallel  edges)  If  lE|-2  then  Print!"/?  (GK)-" 
MU- qa<lt)  >  and  STOP. 

(b)  (Otherwise  G  has  not  been  completely  reduced)  Print ("G  is  not  series- 
parallel”)  and  STOP. 

(5)  ( T  is  not  empty)  Remove  any  v  from  T  and  mark  v  "offlist." 

(6)  (v  may  have  been  involved  in  a  reduction  since  it  was  put  on  the  list)  If  deg(v)«2 
or  v  is  marked  'deleted”  then  go  to  (4). 

(7)  (Begin  search  or  continue  search  for  a  polygon  with  one  endpoint  at  v)  Search 
chains  emanating  from  v  until  one  of  two  cases  occurs: 

(a)  (v  is  found  to  be  chain-adjacent  to  3  distinct  vertices)  3  chains 

x(vi“i)»  are  found  such  that  uy*  uj*  uy*  u\.  In  this  case  go 

to  (4). 

or 

(b)  A  polygon  A (v,w)  -  xi(v,  tv)Uxj(v,  tv)  is  found. 

(8)  (A  polygon  has  been  found,  make  the  polygon-to-chain  reduction) 

POLYREDUCE(A(  v,  tv),*(  v,  tv),  A/). 

(9)  If  |E|-|V|  then  (G  has  been  reduced  to  a  single  cycle) 

(a)  r~0. 

(b)  Go  to  (3). 

(10)  (G  has  not  been  reduced  to  a  single  cycle.  Four  cases  can  arise  depending  on  the 
new  degrees  of  v  and  tv.) 

(a)  If  deg(v)>2  and  deg(tv)>2  then  go  to  (7). 

(b)  If  deg(  v)  >2  and  deg(  tv)-2  then 

(/)  CHAINREDUCE(*(  v,  tv),x(  v,y),  M). 

(//')  If  y  is  "offlist"  then  mark  y  "onlist"  and  put  y  on  T. 

(///)  Go  to  (7). 

(c)  If  deg  ( v)  —2  and  deg  ( tv)  >  2  then 

(i)  CHAINREDUCE  (X  (  v,  tv)  ,*  (*,  >v) ,  M) . 

( //)  If  x  is  "offlist"  then  mark  x  "onlist"  and  put  x  on  T. 

(///)  If  tv  is  "offlist"  then  mark  tv  "onlist"  and  put  tv  on  T. 

(iv)  (Since  T  cannot  be  empty)  Go  to  (5). 

(d)  (Otherwise  deg  ( v)  *  2  and  deg  ( tv) — 2) 

(/)  CHAINREDUCE(x(v,tv),x(x,>-),A/). 

(/'/')  If  x  is  "offlist"  then  mark  x  "onlist"  and  put  x  on  T. 

( iii)  If  y  is  "offlist"  then  mark  y  "onlist"  and  put  y  on  T. 

(iv)  (Since  T cannot  be  empty)  Go  to  (5). 

End  of  MAIN. 

SERIESREDUCE(v) 

Inpur.  A  vertex  v  such  that  v/K  and  deg(v)-2. 

(This  routine  reduces  Gk  by  making  a  series  reduction  on  the  two  edges  incident  on  v. 
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(1)  Let  x  and  y  be  the  vertices  adjacent  to  v  and  let  ea-(v,x)  and  eb—(  v,y). 

(2)  (Carry  out  the  reduction) 

(a)  Delete  edges  e„  and  eb  from  Gr. 

(b)  Mark  v  "deleted." 

(c)  Add  new  edge  ec—(x,y)  to  G*. 

(d)  Pc—PaPb 

(3)  Return. 

End  of  SERIESREDUCE 
DEGREE2REDUCE  ( v,  M) 

Input :  A  vertex  v  such  that  v€K  and  deg(  v)  —2.  Multiplier  M. 

Output:  Revised  value  of  multiplier  M. 

(This  routine  reduces  GK  by  performing  a  degree-2  reduction  at  v  if  v  is  adjacent  to  two  K- 
vertices.) 

(1)  Let  x  and  y  be  the  vertices  adjacent  to  v  and  let  *a-(v,x)  and  eb—( 

(2)  If  then 

(a)  Delete  edges  ea  and  eb  from  GK. 

(b)  Mark  v  "deleted." 

(c)  Add  new  edge  ec-(x,y)  to  Gr. 

(d)  pc—(PaPt)/U-qa<lb) 

(e)  M'—M{\—qaqb) 

(3)  Return. 

End  of  DEGREE2REDUCE 
CHAINREDUCE (  x(v,  w),x(s,f),Jl/ ) 

Input:  A  subchain  *(v,w)  obtained  in  a  polygon-to-chain  reduction  of  a  polygon  A  (v,w).  A 
multiplier  M. 

Output:  A  completely  reduced  chain  x(s,r)  obtained  from  the  chain  containing  the  subchain 
x(v,h>).  New  multiplier  M. 

(This  routine  finds  the  chain  containing  the  subchain  *(v,  w)  and  makes  any  series  and  degree- 
2  reductions  to  this  chain  in  Gr  ) 

(1)  If  deg(v)>2  and  deg(w)  "2  then 

(a)  j*-v 

(b)  Search  from  w  away  from  v  to  find  the  first  vertex  t  such  that  deg(r)>2. 

(2)  If  deg(v)-2  and  deg(w)>2  then 

(a)  t—w 

(b)  Search  from  v  away  from  w  to  find  the  first  vertex  s  such  that  deg(s)>2. 
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(3)  If  deg(v)—2  and  deg(w)  — 2  then 

(a)  Search  from  w  away  from  v  to  find  the  first  vertex  t  such  that  deg(/)>2. 

(b)  Search  from  v  away  from  w  to  find  the  first  vertex  s  such  that  deg(r)  >2. 

(4)  Define  the  new  chain  *(s,  t)  which  is  a  superset  of  the  subchain  *(  v,  w). 

(5)  (Make  any  possible  series  and  degree-2  reductions  on  *(s,/)  in  (/*) 


(a) 

For  each  vertex 
SERIESREDUCE(v). 

uex(s,  t) 

such 

that 

deg(u)“2 

and 

u( K, 

(b) 

For 

each  vertex 

u€*(s,/) 

such 

that 

deg(«)— 2 

and 

ucK, 

DEGREE2REDUCE  (u,M). 


(6)  Return. 

End  of  CHAINREDUCE 

POLYREDUCE(A(v,h-),X(v,w),A/  ) 

Input:  Polygon  A(  v,  w)  and  multiplier  M. 

Output:  Chain  or  subchain  x(v,  h>)  resulting  from  polygon-to-chain  reduction  of  A(  v,  w)  and 
new  multiplier  M. 

(This  routine  reduces  GK  by  making  the  polygon-to-chain  reduction  on  A(v,w)  in  CK.  It 
returns  the  new  multiplier  M  and  the  chain  or  subchain  *(v,  w)  resulting  from  the  reduction.) 

(1)  Determine  which  of  the  8  types  of  polygons  A(v,w)  is,  say  type  j. 

(2)  If  y- 8  then  (A(v,w)  is  two  edges  in  parallel) 

(a)  Let  ea  and  eb  be  the  two  edges  forming  A(  v,  w). 

(b)  p„— l-g,gb 

(c)  Delete  eb  from  Gk- 

(d)  Let  x(v,  w)  be  ea. 

(2)  If  y<7  then  (Apply  Theorem  1) 

(a)  Update  G*  by  replacing  A(v,w)  with  appropriate  chain  x(v,w)  as  given  in 
Table  2.1. 

(b)  Compute  edge  probabilities  for  edges  in  x(v,w)  using  the  appropriate  formulas 
in  Table  2.1. 

(c)  Compute  n  j  from  Table  2.1. 

(d) 

(4)  Return. 

End  of  POLYREDUCE 

Simplicity  and  clarity  dictate  that  the  algorithm  be  presented  in  a  form  which  is  not  com¬ 
pletely  structured.  The  primary  departure  from  a  structured  program  occurs  at  Step  (7)  of 
MAIN  where  chains  emanating  from  a  vertex  v  are  searched.  Here  the  algorithm  searches 
until  it  finds  that  v  is  chain-adjacent  to  three  distinct  vertices  or  until  it  finds  a  polygon.  If 
three  chain-adjacent  vertices  are  found,  the  next  vertex  from  the  list  T  is  checked  as  long  as  T 
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is  not  empty.  If  a  polygon  is  found,  then  it  is  reduced  by  a  call  to  POLYREDUCE.  If  deg(  v) 
remains  greater  than  2  after  the  reduction,  the  algorithm  returns  to  Step  (7)  and  continues  the 
search;  no  chains  searched  previously  from  v  need  be  searched  again. 

One  expediency  has  been  the  reduction  of  G  to  two  parallel  edges  instead  of  to  a  single 
edge.  This  device  simplifies  the  program  and  allows  us  to  avoid  performing  a  polygon-to-chain 
reduction  on  something  that  is  not  strictly  a  polygon  by  our  definition,  because  both  end  ver¬ 
tices  are  of  degree  2.  One  final  comment  is  that  the  list  T  could  be  any  sort  of  simple  linked 
list,  since  the  order  in  which  the  vertices  are  inserted  and  removed  is  unimportant.  A  stack 
would  be  a  convenient  implementation. 

The  correctness  of  the  algorithm  is  not  hard  to  show.  Arguments  similar  to  those 
presented  here  may  be  found  in  Valdes  et  al.  [1981],  where  the  problem  is  the  recognition  of 
two-terminal  series-parallel  directed  graphs.  Suppose  first  that  G  consists  of  a  single  cycle.  The 
series  and  degree-2  reductions  at  Step  (3)  (all  steps  are  in  MAIN)  will  reduce  GK  to  two  edges 
in  parallel  and  T  will  be  empty.  The  algorithm  therefore  gives  R(Gk)  at  Step  (4.a). 

Next,  suppose  that  G  does  not  consist  of  a  single  cycle,  in  which  case  T  will  not  be  empty 
and  an  initial  search  for  a  polygon  will  begin  at  Step  (7).  Since  all  initial  series  and  degree-2 
reductions  were  performed  at  Step  (3),  by  Property  2.4  any  polygon  found  must  be  one  of  the 
eight  specified  types.  If  a  polygon  is  found  and  then  reduced  at  Step  (8),  the  resulting  chain 
may  in  fact  be  a  subchain.  If  this  happens,  some  new  series  and  degree-2  reductions  may  be 
admitted  on  the  chain  containing  the  subchain.  These  reductions  are  made  at  Step  (lO.b), 
(lO.c),  or  (lO.d).  Thus,  every  time  Step  (7)  is  entered,  the  graph  admits  no  series  or  degree-2 
reductions,  and  any  polygon  found  will  be  one  of  the  eight  given  types. 

Vertices  are  continually  removed  from  the  list  T  and  replaced,  at  most  two  at  a  time,  only 
when  reductions  are  made.  Since  only  a  finite  number  of  reductions  can  be  made,  T  must 
eventually  become  empty.  If  |E|-2  at  that  point,  then  R(Gy)  is  correctly  given  at  Step  (4.a) 
since  only  reliability-preserving  series,  degree-2,  and  polygon-to-chain  reductions  are  ever  per¬ 
formed.  Property  2.4  proves  that  the  original  graph  must  have  been  series-parallel.  Suppose 
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instead  that  |E|>2  when  T  becomes  empty.  In  this  case,  every  vertex  v  with  deg(v)>2  is 
chain-adjacent  to  at  least  three  distinct  vertices.  Pus  is  true  since  (i)  every  vertex  v  with 
deg(v)>2  is  initially  put  on  the  list  and  its  chain-adjacent  vertices  checked  at  Step  (7),  and  (ii) 
whenever  the  chain-adjacency  of  a  vertex  or  vertices  is  altered  (this  can  occur  to  at  most  two 
vertices  at  a  time)  at  Step  (8),  this  vertex  or  vertices  are  returned  to  the  list  if  not  already 
there.  The  following  property  proves  that  a  graph  with  the  given  chain-adjacency  structure  is 
not  series-parallel. 

Property  2.5:  Let  G  be  a  nonseparable  graph  such  that  all  vertices  v  with  deg(v)>2  are  chain- 
adjacent  to  at  least  three  distinct  vertices.  Then,  G  is  not  a  series-parallel  graph. 

Proof:  Let  G'  be  the  graph  obtained  from  G  by  first  replacing  all  chains  with  single  edges  in  a 
sequence  of  series  replacements  and  then  removing  any  parallel  edges  in  a  sequence  of  parallel 
replacements.  By  Property  2.2,  G  is  series-parallel  if  and  only  if  G'  is  series-parallel.  Now, 
every  vertex  veV'  has  deg(v)>2  and  there  are  no  parallel  edges  in  E\  Thus,  G'  admits  no 
series  or  parallel  replacements  and  cannot  be  series-parallel.  Therefore  G  cannot  be  series- 
parallel.D 

This  proves  that  if  the  algorithm  terminates  with  |E|>2,  the  reduced  graph  is  not  series- 
parallel,  and  Property  2.3  proves  that  the  original  graph  could  not  have  been  series-parallel 
either.  Thus,  the  validity  of  the  algorithm  is  established.  We  now  turn  our  attention  to  the 
algorithm's  computational  complexity. 

In  order  to  show  that  the  algorithm  is  linear  in  the  size  of  G,  we  must  provide  more 
details  of  its  implementation.  We  use  a  multi-linked  adjacency  list  form  to  represent  the  given 
graph  G.  In  this  representation,  for  each  vertex  a  doubly-linked  list  of  adjacent  vertices 
corresponding  to  incident  edges  is  kept  together  with  the  associated  edge  probabilities.  Every 
edge  is  represented  twice  since  we  are  dealing  with  an  undirected  graph,  and  additional  links  are 
kept  between  both  representations  of  each  edge.  Such  an  adjacency  list  can  be  initializeu  in 
0(|V|+|E|)  time  for  any  graph.  However,  our  assumption  that  the  input  graph  is  nonseparable 
and  contains  at  least  two  edges  implies  that  |V|<|E|,  and  therefore,  the  complexity  is  simply 
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0(|E|).  For  the  same  reason,  the  complexity  of  the  whole  algorithm  will  be  O(lEl). 

Using  the  graph  representation  described  above,  it  is  obvious  that  any  series  or  degree- 2 
reduction  can  be  carried  out  in  constant  time.  Since  POLYREDUCE  only  needs  to  check  for 
eight  different  types  of  polygons,  all  of  limited  size,  any  polygon-to-chain  reduction  can  also  be 
carried  out  in  constant  time.  Also,  none  of  the  reductions  ever  requires  the  use  of  more  ver¬ 
tices  or  edges  after  the  reduction  than  before.  This  means  that  if  any  new  edges  or  vertices 
must  be  defined,  old  ones  can  be  reused  and  the  size  of  the  graph  representation  is  never 
increased. 

Now,  Steps  (2)  and  (3)  in  MAIN  can  be  performed  in  0(|V|)  time;  therefore,  we  need 
only  consider  the  central  portion  of  MAIN,  Steps  (4)  through  (10).  Each  time  chains  emanat¬ 
ing  from  the  current  vertex  v  are  checked  at  Step  (4),  the  maximum  amount  of  work  which 
can  be  performed  is  some  constant  amount,  i.e.,  the  amount  needed  to  find  three  chains  with 
distinct  end  vertices  uhu2  and  uy,  plus  some  amount  of  work  proportional  to  the  number  of 
polygon-to-chain  reductions  made  from  v.  Initially,  at  most  all  the  vertices  can  be  on  the  list, 
and  after  every  polygon-to-chain  reduction,  at  most  two  vertices  can  be  returned  to  the  list.  An 
upper  bound  on  the  number  of  vertices  which  can  ever  be  checked  is  therefore 
|V|+2(|E|— |V|)-2|E|— |V|,  since  at  most  |E| — |V|  polygon-to-chain  reductions  can  ever  be 
performed  by  POLYREDUCE.  For  some  constant  C1(  the  total  amount  of  work  required  until 
T  becomes  empty  will  thus  be  bounded  by  Cj(2|E| — |V|)  plus  the  amount  of  work  required  to 
make  all  polygon-to-chain  reductions  using  POLYREDUCE  and  the  subchain  reductions  using 
CHAINREDUCE. 

We  have  already  shown  that  the  amount  of  work  required  by  a  polygon-to-chain  reduction 
in  POLYREDUCE  is  bounded  by  a  constant.  However,  after  a  call  to  POLYREDUCE  which 
reduces  A(v,w)  to  x(v,tv),  a  call  to  CHAINREDUCE  is  necessary  if  deg(v)*-2  or  deg(w)*-2. 
The  chain  containing  the  subchain  x(v,w)  must  be  identified  and  then  reduced,  if  possi¬ 
ble,  with  series  and  degree-2  reductions.  This  can  be  accomplished  in  constant  time  also,  since 
the  length  of  any  chain  x(m)  is  at  most  9.  This  worst  case  could  occur  if  deg(v)-deg(w)-2 
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after  the  polygon-to-chain  reduction  of  A(v>, w)  to  *(v,  w),  and  the  subchains  *(s,  v),  *(*>,/) 
and  x(v,h>),  which  were  proper  chains  before  the  reduction,  are  at  their  maximum  possible 
lengths  of  3.  It  therefore  follows  that  the  amount  of  work  associated  with  a  polygon-to-chain 
reduction,  a  call  to  POLYREDUCE  and  a  possible  call  to  CHAINREDUCE,  is  bounded  by 
some  constant,  say  C2,  and  that  the  amount  of  work  associated  with  all  polygon-to-chain  reduc¬ 
tions  is  bounded  by  Cj( |E | — | V |).  We  can  now  see  that  the  amount  of  work  required  until  T  is 
empty  is  bounded  by  Cj(2 |E | —  |V |)-t- C7j( |E | — I V|).  The  only  work  which  is  unaccounted  for 
comes  from  the  final  series  and  degree- 2  reductions  which  may  be  necessary  if  G  is  reduced  to 
a  single  cycle,  but  again,  this  is  an  0(|V|)  operation.  Thus,  we  have  proven  the  following 
theorem: 

Theorem  2.  Let  G  be  a  nonseparable  series- parallel  graph.  Then,  for  any  K,  R(Gy)  can  be 
computed  in  0(|E|)  time. 

2.6  Extension  to  General  Networks 

The  algorithm  of  section  S  can  be  extended  to  make  ail  possible  simple  and  polygon-to- 
chain  reductions  in  a  nonseries-parallel  graph.  In  this  way,  the  extended  algorithm  can  be  used 
as  a  subroutine  in  a  more  general  network  reliability  algorithm  for  computing  R(Gy)  when  G 
is  not  series-parallel.  The  complexity  of  computing  /?((/*)  can  often  be  reduced  to  some 
degree  by  this  device. 

Suppose  the  reduction  algorithm  of  section  S  starts  with  a  nonseries-parallel  graph  G. 
After  termination  of  the  algorithm,  (?k  may  or  may  not  have  been  partially  reduced.  From  the 
proof  of  Property  2.5,  the  only  possible  remaining  reductions  are  polygon-to-chain  reductions. 
Each  such  polygon-to-chain  reduction  would  correspond  to  a  parallel  edge  replacement  used  to 
obtain  the  graph  G'  of  that  proof.  Therefore,  Gk  can  be  totally  reduced  by  first  applying  the 
algorithm  and  then  finding  and  reducing  any  remaining  polygons,  which  can  easily  be  done  by 
searching  all  chains  emanating  from  all  vertices  v  with  deg(v)>2. 

To  extend  the  reduction  algorithm  as  described.  Step  (4)  in  MAIN  may  be  replaced  by 


34 


the  following,  Step  (4'): 

Algorithm  extension,  changes  to  MAIN 
(4')  If  T  is  empty  then 

(a)  (G  may  be  reduced  to  two  parallel  edges,  ea  and  eb)  If  lEl-2  then 

(i)  R{Gy)~M{\-qaqb) 

(ii)  Return  to  general  algorithm  with  R(Gy) 

(b)  (Otherwise  G  has  not  been  completely  reduced)  For  each  veV  such  that 

deg(v)>2,  search  all  chains  emanating  from  v  calling 

POLYREDUCE(A(v,w),  *(v,  w),M)  whenever  a  polygon 
A(  v,  w)-*xt( *'»**') Uxj(v,  w)  is  found. 

(c)  Return  to  general  algorithm  with  reduced  Gk  and  with  M. 

In  the  worst  case  at  Step  (4'.b),  each  chain  and  thus  each  edge  must  be  searched  twice  There¬ 
fore,  the  added  computation  is  0(|E|)  and  the  algorithm  with  the  extension  remains  O(IEI). 

To  illustrate  the  usefulness  of  the  extended  algorithm  for  a  general  graph,  let  us  consider 
the  ARPA  computer  network  configuration  as  shown  in  Figure  2.6a  (Fratta  and  Montanari 
11973]).  Suppose  we  are  interested  in  the  terminal-pair  reliability  between  UCSB  and  CMU. 
Application  of  the  extended  algorithm  yields  a  reduced  network  as  shown  in  Figure  2.6b  with 
redefined  edge  reliabilities  and  an  associated  multiplier.  The  original  reliability  problem  is  now 
equivalent  to  computing  the  terminal-pair  reliability  between  RAND  and  CMU  in  the  reduced 
network.  In  linear  time  the  size  of  the  network  has  been  reduced  considerably  and,  because 
computing  the  reliability  of  a  general  network  is  exponential  in  its  size,  a  significant  computa¬ 
tional  advantage  should  be  gained. 


2.7  Extension  to  Networks  with  Unreliable  Vertices 

For  the  reasons  mentioned  in  Chapter  1,  networks  with  unreliable  vertices  are  not  being 
covered  in  any  depth  in  this  paper.  However,  the  reductions  and  algorithms  of  this  chapter  can 
be  easily  extended  to  handle  unreliable  vertices  and  therefore  the  necessary  details  are  included 
here. 

Only  two  basic  changes  need  be  made:  The  series  reduction  must  be  modified  to  include 
the  failure  probability  of  the  degree-2  vertex  and  polygon-to-chain  reductions  must  be  modified 
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to  include  the  failure  probabilities  of  their  end  vertices.  To  extend  the  notation  to  unreliable 
vertices,  the  reliability  of  any  vertex  vt4K  is  denoted  by  p,  where  the  subscript  /  is  a  numeral. 
Where  p,  must  be  redefined  in  Table  2.2,  pf  is  used  to  signify  this  redefined  value  Now  the 
modified  series  reduction  is  obvious.  Let  two  edges  in  G*,  ea— ( vh  v2)  and  et-(v2,  vj)  be  can¬ 
didates  for  a  series  reduction,  i.e.,  deg(vj)**2  and  v2<K.  Then  ea  and  eb  may  be  replaced  by  a 
single  edge  ec—(vj,  vj)  to  obtain  G' *  where  pc“PaPbPi  so  that  /?(GK)— .ft(G'K)  The  reliabili¬ 
ties  of  V|  and  v*  if  defined,  are  unchanged. 

The  modified  polygon-to-chain  reductions  are  not  so  obvious  but  may  be  derived  by  the 
method  of  Theorem  2.1.  It  is  only  necessary  to  condition  first  on  whether  or  not  unreliable 
vertices  are  working  and  include  the  additional  variables  p\  and  p{  corresponding  to  the  unreli¬ 
able  vertices  V]  and  v2.  Conditioning  on  a  vertex,  say  V|,  failing  simply  induces  the  graph 
Gk-  V]  while  conditioning  on  the  vertex  working  just  gives  us  back  GK  but  with  V]  having  per¬ 
fect  reliability  as  in  the  normal  case.  Note  that  in  two  of  the  reductions  there  is  only  one  non- 
K-vertex  and  in  these  cases  there  is  only  one  unreliable  vertex  and  only  one  additional  variable 
since  K- vertices  are  always  assumed  completely  reliable.  Table  2.2  lists  the  extended  polygon- 
to-chain  reductions.  Their  proofs  are  omitted  since  they  are  simple  extensions  of  Theorem  2.1. 


Chapter  3 


Triconnected  Decomposition  for  the  K*Terminal  Problem 


3.1  Introduction 

Suppose  we  have  a  graph  G*  with  separating  pair  {«,  v).  Recall  from  the  previous  chapter 
that  this  means  that  G*  can  be  partitioned  into  two  graphs  G*  and  G*  such  that  GK-G^U  GK, 
|E|>2,  |E|>2,  EnE-0  and  VnV-{«,v).  (The  K-vertices  in  the  above  expressions  are  not 
part  of  the  definition  of  a  separating  pair  but  are  necessary  for  explaining  the  results  of  this 
chapter.  We  define  K— KflV  and  K— KnV.)  It  has  been  known  for  some  time  that  for  certain 
configurations  of  the  K-vertices,  it  is  possible  to  replace  G*  or  G*  with  a  single  edge  e**(u,  v) 
so  as  to  yield  a  reliability-preserving  reduction  on  GK-  (Bimbaum  and  Esary  [196S],  Rosenthal 
[1974])  For  other  configurations  however,  this  is  not  possible.  Rosenthal  [1974]  was  forced  to 
employ  "hyper-edges"  to  handle  these  other  cases  where  a  hyper-edge  could  have  three  states: 
working,  failed  and  system-failed.  Unfortunately,  such  a  reduction  destroys  the  simplicity  of 
the  graphical  model. 

In  this  chapter,  we  present  a  method  by  which  a  Subgraph  between  a  separating  pair  may 
always  be  replaced  by  a  chain  of  one,  two  or  three  edges.  Although  the  proofs  are  quite  gen¬ 
eral,  we  may  normally  assume  that  the  subgraph  to  be  replaced  is  a  "pseudo-triconnected  com¬ 
ponent,"  that  is,  the  subgraph  would  be  a  triconnected  component  if  all  its  chains  were  replaced 
by  single  edges.  This  is  a  natural  way  to  look  at  the  problem  since  a  graph  can  be  efficiently 
decomposed,  with  respect  to  its  separating  pairs,  into  its  triconnected  components  using  the 
algorithm  of  Hopcroft  and  Tarjan  [1973],  These  components  are  of  minimal  size  and  result  in 


computation  being  minimized.  Hagstrom  [1980]  shows  how  to  use  the  decomposition  tree  pro¬ 
duced  by  the  Hopcroft  and  Tarjan  algorithm  to  compute  reliability  in  the  two-terminal  case,  and 
it  is  a  simple  extension  to  use  those  methods  in  the  K-terminal  case.  Computational  complex¬ 
ity  of  a  problem  becomes  proportional  to  the  complexity  of  the  largest  triconnected  component 
in  the  graph  if  this  decomposition  is  used  in  a  one-shot  manner  on  a  given  graph.  Even  greater 
advantage  should  be  obtained  if  this  decomposition  were  used  as  one  of  the  reductions 
employed  in  a  general  factoring  algorithm. 

In  the  following  sections  we  first  discuss  triconnected  decomposition  and  how  it  should  be 
applied  to  the  K-terminal  reliability  problem.  Next,  we  prove  that  it  is  always  possible  to 
replace  a  subgraph  associated  with  a  separating  pair  (u,v),  with  a  chain  \(u,v)  consisting  of 
one,  two  or  three  edges.  These  proofs  do  not  indicate  how  to  compute  the  necessary  chain- 
edge  reliabilities  and  multiplication  factors  for  the  reductions,  so,  in  the  following  section,  we 
show  that  the  necessary  calculations  can  be  carried  out  by  computing  the  K-terminal  reliability 
of  one,  two,  three  or  four  graphs  defined  from  the  triconnected  component  alone.  In  the  final 
section,  the  results  are  extended  to  the  case  where  vertices  may  be  unreliable. 

3.2  Triconnected  Decomposition  of  a  Graph 

A  necessary  concept  for  this  discussion  is  that  of  the  vertex  connectivity  of  a  graph 
G— (V,E).  The  definition  varies  somewhat  from  author  to  author  and  from  application  to  appli¬ 
cation;  we  offer  the  definition  from  Tutte  [1966]  which  is  used  in  his  discussion  of  triconnected 
decomposition.  Let  V0  be  a  subset  of  the  vertices  of  V  and  let  G— V0  be  the  graph  obtained 
from  G  by  deleting  all  vertices  v€V0  and  all  edges  incident  to  those  vertices.  Suppose  V0is  the 
smallest  set  of  vertices  such  that  G-V0  is  disconnected  or  |  V — V0|— 1.  Then  G  is  said  to  be  k- 
connected  if  |V0l^fc.  We  are  using  the  terms  "biconnected"  and  "triconnected"  to  mean  2- 
connected  and  3-connected,  respectively. 

The  basic  irreducible  element  of  a  graph  in  the  K-terminal  reliability  problem  is,  in  some 
sense,  not  the  edge  but  the  chain.  As  we  will  show  in  the  next  section,  any  subgraph  between 
a  separating  pair  can  be  replaced  by  a  chain  in  a  reliability- preserving  reduction.  However,  if 
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this  subgraph  is  already  a  chain,  our  reduction  is  not  terribly  useful.  With  this  in  mind,  let  G+ 
be  G  with  all  chains  replaced  by  single  edges.  Then  G  is  said  to  be  pseudo- triconnected  if  G* 
is  Unconnected.  If  G  is  pseudo-triconnected,  then  we  may  be  able  to  decompose  G  along  its 
separating  pairs  as  described  below,  but  it  will  be  of  no  use  as  far  as  calculating  reliability  goes 
Even  if  the  graph  is  not  pseudo-triconnected  we  may  separate  out  chains  needlessly.  However, 
this  does  not  increase  the  asymptotic  complexity  of  the  decomposition  algorithm  so  we  ignore 
the  problem. 

Suppose  we  have  a  graph  G  which  is  biconnected  but  not  unconnected.  We  hope  that  G 
is  not  pseudo-triconnected;  that  would  be  boring.  G  can  be  uniquely  decomposed  into  a  tree  of 
trkonnected  components  consisting  of  simple  cycles,  bonds  (three  or  more  edges  in  parallel) 
and  unconnected  graphs  with  no  parallel  edges.  These  components  contain  artificial  'virtual" 
edges  as  will  be  described  below,  following  Hopcroft  and  Tarjan  [1973].  Let  (u,  v)  be  a  separat¬ 
ing  pair  of  G,  define  G  and  G  as  in  the  first  section  and  let  e— (u,v)  and  e— (u,  v)  be  two  vir¬ 
tual  edges  which  will  be  considered  to  be  brothers.  G  can  be  decomposed  into  two  split  graphs 
G+e  and  G+e.  Each  split  graph  can  be  split  again  and  again  until  all  split  graphs  consist  of  tri¬ 
ple  bonds  (bonds  with  three  edges),  triangles  and  triconnected  graphs.  These  graphs  are  called 
split  components  of  G  and  are  not  necessarily  unique.  Now  define  a  merging  operation  to  be 
the  reverse  of  a  splitting  operation,  including  the  deletion  of  both  virtual-edge  brothers.  By 
merging  triple  bonds  with  each  other  and  by  merging  Uiangles  with  each  other,  a  unique  set  of 
bonds,  simple  cycles  and  Unconnected  graphs  will  be  created.  These  triconnected  components 
will  be  arranged  in  tree-fashion,  with  nodes  representing  components  and  branches  representing 
splitting  operations.  Here  the  terms  "node*  and  'branch'  are  used  to  refer  to  the  vertices  and 
edges  of  a  graph  which  is  not  a  probabilistic  graph.  If  desired,  the  original  graph  G  can  be 
reconstructed  by  merging  any  leaf  component  with  the  component  containing  the  brother  of  its 
virtual  edge  and  recursively  repeating  this  process  on  the  reduced  tree  until  no  more  virtual 
edges  remain. 

Lichtenstein  [1981]  uses  a  different  definition  of  "uiconnected*  and  indicates  how  to  con- 


struct  the  decomposition  tree  directly,  without  resorting  to  merging.  His  definition  of  uncon¬ 
nected  is:  "A  graph  G  is  unconnected  if  there  exist  at  least  three  node  disjoint  paths  between 
every  pair  of  vertices."  This  means  that  bonds  are  also  considered  unconnected  and  the  decom¬ 
position  uniquely  decomposes  G  into  unconnected  graphs  and  exactly  biconnected  graphs.  An 
exactly  biconnected  graph  has  exactly  two  node  disjoint  paths  between  every  pair  of  vertices  and 
is  thus  a  simple  cycle.  Using  either  outlooks  on  the  problem,  the  decomposition  can  be  carried 
out  very  efficiently,  in  time  which  is  linear  in  the  number  of  vertices  and  edges  of  the  graph. 

Now,  the  leaf  nodes  of  the  decomposition  tree  will  be  of  the  form  G+e  where  e— («,  v)  is 
a  virtual  edge  and  dr  is  a  subgraph  of  G  such  that  GU  G—G,  EnE-0  and  VnV-|«,  v).  So 
(u,v)  is  a  separating  pair  and,  as  will  be  proven  below,  G^  may  be  replaced  by  chain  in  a 
reliability-preserving  reduction.  This  can  be  carried  out  in  the  tree  by  deleting  G  and  e  and 
replacing  the  brother  of  e  with  the  derived  chain.  After  this  replacement  either  the  decomposi¬ 
tion  tree  is  reduced  to  a  single  node  or  there  remain  leaves  which  can  be  replaced  in  a 
reliability-preserving  fashion  as  just  described.  Of  course,  some  degree-2  or  series  reductions 
may  also  be  admitted  and  these  may  be  performed  as  they  appear.  After  repeated  reductions, 
the  tree  is  eventually  reduced  to  a  single  node  which  is  a  graph  with  no  virtual  edges.  This 
graph  is  either  a  simple  cycle  or  a  pseudo-triconnected  graph,  either  of  which  may  admit  some 
series  or  degree-2  reductions.  After  making  any  final  reductions,  the  reliability  of  the  original 
graph,  /?(Gk),  is  given  by  the  reliability  of  the  reduced  graph  times  the  product  of  all  the  mul¬ 
tiplication  factors  derived  in  any  of  the  reductions.  If  the  remaining  graph  has  been  reduced  to 
two  edges  in  parallel  then  we  are  essentially  done.  If  not,  then  we  must  apply  some  general 
method  to  compute  the  reliability  of  the  remaining  graph. 

3.3  Triconnected-Component-to-Chain  Reductions 

In  this  section  we  simply  show  that  any  subgraph  with  separating  pair  {«,  v)  can  be 
replaced,  in  a  reliability-preserving  reduction,  by  a  chain  consisting  of  one,  two  or  three  edges 
between  u  and  v.  This  is  a  general  result  which  need  not  be  applied  to  triconnected  com¬ 
ponents  derived  from  the  decomposition  described  in  the  previous  section.  However, 
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decomposing  the  graph  as  completely  as  possible  and  making  these  reductions  would  normally 
be  the  most  computationally  efficient  procedure.  The  proof  of  the  triconnected-component-to- 
chain  reduction  is  based  largely  on  state  enumeration  and  does  not  indicate,  except  in  the  first 
case,  how  to  calculate  the  chain-edge  reliabilities  and  multiplication  factor  efficiently.  That  dis¬ 
cussion  appears  at  the  end  of  this  section. 

Theorem  3.1:  Let  Gk  be  a  nonseparable  graph  with  separating  pair  (u,  v|  such  that 
<?ic— {/tfU  where  VD  V— {«,  v),  |E)>2,  |E| >2  and  EflE-0.  Then  Gg  may  be  replaced  by  a 
chain  *(u,  v)  consisting  of  one,  two  or  three  edges  to  obtain  a  reliability-preserving  reduction  of 
Gk  to  G'|f  ■»  G((U^(«,  v). 

The  proof  below  is  divided  into  six  parts  depending  on  the  configuration  of  the  K-vertices 
in  G.  The  first  two  parts  are  cases  which  can  be  found  in  the  literature;  the  last  four  parts  are 
new.  Parts  (d),  (e)  and  (f)  are  similar  to  (c)  and  will  be  somewhat  abbreviated.  Figures  3.1- 
3.S  illustrate  the  proof. 

Proof  of  Theorem  3.1: 

(a)  Suppose  R-u—  v— 0.  (Vertices  u  and  •••  may  or  may  not  be  elements  of  K  and  R  as  indi¬ 
cated  by  crosses  within  the  vertices.  Figure  3.1a.)  Birnbaum  and  Esary  [1965]  establish,  and  it 
is  fairly  obvious,  that  G  may  be  replaced  by  a  single  edge  e,—(u,v)  with  R(G( so  that 
*(GkKK(G  k).  See  Figure  3  la. 

(b)  Suppose  w,  veK  and  K-u-ve*0.  Rosenthal  [1974]  proves  that  G  may  be  replaced  by  a 
single  edge  *,-(«,  v)  with  p,-/f(G*)/n  so  that  R(Gx)—SlR{G\)  O  is  defined  in  terms  of 
Gft  alone,  by  O— Pro6(All  weR  can  communicate  with  u  or  v).  In  other  words.  Cl  is  the  pro¬ 
bability  that  the  states  of  the  edges  in  G  do  not  imply  that  Gk  has,  a  priori,  failed.  See  Figure 
3.1b. 

(c)  Suppose  ueK,  or  v«K  but  not  both,  and  R-u- v*0.  Assume,  without  loss  of  generality, 
that  ucK  and  vfK.  As  in  the  proof  of  Theorem  2.1,  we  can  condition  on  the  compound  states 
of  the  edges  in  G  so  that 


(3.1) 


R(Gk)  -  £  Prob(F)R{GK\F) 

Ftt 

where  F  is  the  set  of  all  2lfil  states  of  G ,  F  indicates  one  of  those  states,  and  Prob(F)  indicates 

the  probability  of  the  state  F  occurring,  i.e.,  Prob(F)~  II  p‘‘q'  where  2,-1  if  e,  works  in  F 

~  *,«£ 

and  2/— 0  if  e,  fails  in  F.  Now  F  can  be  divided  into  four  mutually  exclusive  and  exhaustive 
classes  F,,  M), 1,2,3: 

F0  -  {FeF:  In  GglF,  some  wek  can  communicate  with  neither  u  nor  v.} 

Fi  —  {FeF:  In  G*|F,  all  weK  can  communicate  with  u  or  v  but  not  both  and  there  is  at 
least  one  such  w  which  can  communicate  with  v.) 

F2*“  (FeF:  In  GjF,  all  wtk  can  communicate  with  u  but  not  with  v.} 

F}  “  {FeF:  In  Gf\F,  all  wek  can  communicate  with  both  u  and  v.) 

Since  G*  is  nonseparable,  Fb  F2  and  F3  are  nonempty.  F(Ck|F)-0  for  all  FeF0  and  may 
therefore  be  disregarded  in  the  remainder  of  the  proof. 

By  the  definition  of  the  i— 1,2,3,  any  state  FeF,  will  induce  the  graph  GliK  as  shown 
in  Figure  3.2.  Letting 

a  -  £  Prob(F)  0  -  £  Prob(F)  8  -  £  Prob(F)  (3.2) 

F«F,  F«F,  Ft  F} 

and  by  grouping  and  eliminating  terms  in  Equation  3. 1  we  have 


R(GK)  -  aH(C|,Kl)  +  PR(G2,k?  +  8/?(Gj,Kj)  (3.3) 

Now  let  G'k’  be  Gg U*(i/,  v)  where  the  chain  *(«,  v)  contains  edges  er  and  e,  as  shown  on  the 

right  hand  side  of  Figure  3.1c.  With  these  edges  we  associate  pn  p,  and  Cl  defined  as  follows: 


8  8  „  (a+8)  C/8+8) 

"’-7*  ’’•-jzi  “ - « 


(3.4) 


Conditioning  on  the  edges  e,  and  e,  in  G\<  induces  the  same  non-failed  subgraphs  (Figure  3.2) 
Gi,k,.  G2,k,»  Gj,k3  with  respective  probabilities,  qrp„  p,q„  and  p,pr  Therefore 


H  R(,G' K’)  *■  Clq,p,R(G\t%. ,)  +  Clprq,R(G2x}  +  &PrPsR(Gix} 

-  aR(G\r k,)  +  /3/?(G2,Kj)  +  8/I(Gj,Kj) 

-  *(Gk) 


Non-failed  Graphs  Induced  by  Factoring  on 
for  Theorem  3.1c 


FIGURE  3.2 
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Thus,  any  component  of  the  specified  type  may  be  replaced  by  a  chain  as  shown  in  Figure  3.1c 
with  p„  ps  and  fi  defined  via  Equations  3.2  and  3.4,  and  this  will  be  a  reliability-preserving 
reduction. 

The  above  reduction  is  valid  if  K-K  but  we  might  not  want  to  approach  the  problem  in 
that  manner.  K— K.  implies  that  K-u-0,  and  consequently  it  is  possible  to  replace  G  with  a 
single  edge  e,— (u,  v)  with  reliability  pr“R(G[UtV\)  to  yield  the  reliability-preserving  reduction 
described  in  (a)  above.  If  we  do  wish  to  operate  on  G^  first  however,  the  reduction  can  be 
simplified.  If  K— K  then  R  ( Gix)“R  (  Gj,Kj)“1  and  thus, 

/?(CK) k,)+0  +  8  (3.5) 

We  needn't  replace  G  with  a  chain  at  all  but  rather  find  a,  /3  and  S  and  then  F(G)  j^).  From 

the  definitions  of  a  and  /9  we  see  that  R(G *)— /3+8.  Computation  of  a  is  discussed  in 
Theorem  3.2.  Equation  3.5  may  be  thought  of  as  an  extended  reliability-preserving  reduction 
of  the  form  F(GK)-n  i+flj/MGV)  where  the  graph  replacing  the  subgraph  G  is  null. 

(d)  Suppose  u,vi K  and  K-{ w).  Furthermore,  assume  that  Kj*0  since  otherwise  R ( GK)  =  1 
The  possible  states  of  G*  may  be  partitioned  into  four  classes  Fh  i— 0,1, 2,3: 

Fo  “  {FeF:  In  G^lF,  w  can  communicate  with  neither  u  nor  v.) 

Fi  ”  { Fe F:  In  Gg|F,  w  can  communicate  with  v  but  not  with  u.) 

Fi  —  {FeF:  In  G^lF,  w  can  communicate  with  u  but  not  with  v.) 

F3  ”  (Fe  F:  In  G^|F,  tv  can  communicate  with  both  u  and  v.) 

Now  define  a,  fi  and  8  as  in  Equations  3.2,  but  with  respect  to  the  above  F,.  Noting 
again  that  F(GkIF)— 0  for  all  FeFo,  the  remainder  of  this  proof  is  identical  to  that  in  (c) 
except  that  the  induced  subgraphs  are  different.  See  Figure  3.3.  Defining  p„  p„  and  n  as  in 
Equations  3.4  makes  the  transformation  in  Figure  3. Id  a  reliability-preserving  reduction. 

(e)  Suppose  u,  v^K,  |K|>2  and  (Figure  3.1e).  The  set  of  possible  states  F  for  G*  may 
be  partitioned  into  five  classes  Fh  /— 0, 1 ,2,3,4: 


F0  -  {/"tF:  In  G*|/",  some  w€K  can  communicate  with  neither  u  nor  v.) 

F|  «■  (FeF:  In  G^l/-,  all  w«K  can  communicate  with  v  but  not  with  u .} 

F2  *  {/eF:  In  Git!/,  all  wfk  can  communicate  with  either  u  or  v  but  not  both,  and  at 

least  one  vertex  xeK  communicates  with  u,  and  at  least  one  vertex  yek  communicates 
with  v.| 

F3  "  { if e  F:  In  G,JjF,  all  weK  can  communicate  with  u  but  not  with  v.j 

F4  —  {FeF:  In  Gg|F,  all  wek  can  communicate  with  both  u  and  v.} 

Again,  /?(GnlF)— 0  for  all  FeFo.  Any  state  FeF„  /'—l, 2, 3,4  will  induce  the  subgraph 
G,iK  from  GK  as  shown  in  Figure  3.4.  Letting 

a  -  £  Prob(F)  /3  -  £  Prob(F)  8  -  £  Prob(F)  y  -  £  Prob(F)  (3.6) 

FtF,  Ft  Fj  ft  Fj  Ft  F4 

we  have 

R(Gm)  “•  a/?(GifK()  +  RR(Gi'H}  +  &R(G}£^  +  yR(G+x} 

Now  let  G'ic'  be  GK  with  G*  replaced  by  the  chain  *(u,v)  comprising  edges  e,,  e,  and  e,  as 

shown  in  Figure  3.1e.  Define  p„  p„  p,  and  ft: 


Conditioning  on  the  edges  e„  e,  and  e,  in  G'*'  gives,  in  a  similar  fashion  to  (c): 

ft  R(G'k.)  -  Clprqsp,R(G ,,Kj)  +  Flqrptp,R{Gix)  + 

Gprp,q,R(Gix)  +  ( lPrPsP,R(G4,Kt ) 

-  aR(G)% k,)  +  +  y/?(G4>K4) 

-  R(Gk) 

Thus,  any  subgraph  of  the  specified  type  may  be  replaced  by  chain  as  shown  in  Figure  3.1e  with 
Pn  Pts  Pi  and  ft  obtained  from  Equations  3.6  and  3.7,  and  this  will  be  a  reliability-preserving 


reduction. 
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(f)  Suppose  u,\>4 K,  |K(>2  and  K-0  (Figure  3. If).  The  set  of  states  F  of  G*  may  be  parti¬ 
tioned  into  three  classes  F„/— 0,1,2: 

Fo  “  (Ft F:  At  least  one  h> e K  can  communicate  with  neither  u  nor  v  and  fails  to  com¬ 
municate  with  at  least  one  other  vertex  yt K.) 

Fi  ~  (Ft F:  All  weK  can  communicate  with  u  or  v  but  not  both,  and  at  least  one  such 
vertex  communicates  with  u  and  another  with  v.) 

F2  “  (Ft F:  All  wtk  can  communicate.) 

As  before,  /i(Gic!F“0)  for  all  £ £  Fo  Any  state  in  Fi  will  induce  the  graph  Gi,k,  (Figure 
3.5).  States  of  F2  will  induce  graphs  G2, k2,  G]k}<  G^k.  an<l  65, k5  Letting 

a  -  £  Prob(F)  p  —  £  Prob(F) 

~  E*h 

and  noting  that  F(G2,ki)“^(C3,Kj)“^((?4>k4)“);1(G'5,kP“1  since  K—0,  we  have 

R(Grf  “  +  fiR(G2xJ 

Now  let  G' K-  be  G*  with  G*  replaced  by  a  single  edge  er-(u,  v)  and  where  K’-(u,  v).  Defining 
fl-a+p 

we  have 

MKG'r>  -  ft 9fF(G,,Kl)  +  npr/?(G2,K:) 

-  aR(G\x)  +  PRIGtx} 

-/?(GK) 

Thus,  we  see  that  G*  can  be  replaced  by  a  single  edge.  Of  course,  F(G2,Kj)“1  and  therefore 
R(,G%)  -  a/KGi,ic,)  +  /3  “  a/?(GiBi,|)  +  P 

This,  as  mentioned  in  (c)  above,  is  an  extended  reliability-preserving  reduction  where  we 
replace  a  subgraph  with  a  null  graph. 

Any  Unconnected  component  with  associated  K-vertices  fits  into  one  of  the  above  six 
categories  and  thus,  any  such  component  may  be  replaced  by  a  chain  of  one,  two  or  three  edges 
in  a  reliability-preserving  reduction.  □ 


t 
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It  now  remains  to  be  shown  how  the  reductions  of  Theorem  3.1  can  be  carried  out  in  an 
efficient  manner,  or  at  least  in  a  manner  which  is  more  efficient  than  state  enumeration.  We 
will,  in  Theorem  3.2,  prove  that  only  one,  two,  three  or  four  K-terminal  reliability  problems 
defined  on  G  need  be  solved  in  order  to  compute  chain-edge  reliabilities  and  multiplication  fac¬ 
tor  1)  in  any  of  the  reductions. 

In  the  following  discussion,  the  notation  Gluv]  is  used  to  indicate  the  graph  G  in  which 
vertices  u  and  v  have  been  coalesced  to  form  the  vertex  «’— « U  v.  Lemma  3.1  below  is  used 
to  simplify  the  proof  of  Theorem  3.2.  The  proof  of  the  lemma  is  stated  in  terms  of  a  general 
graph  Gk  but,  in  fact,  will  be  applied  in  Theorem  3.2  to  the  graph  G*,  the  subgraph  of  GK. 

Lemma  3.1:  Let  Gk  be  a  graph  with  two  specified  vertices  u  and  v  such  that  K— 

Then 

Prob( All  wtK-u—v  can  communicate  with  u  or  v)  —  /?(  Gk'Iuv]) 
where  K'— K—  u—  v+u'. 

Proof:  Since  G  and  Gluv]  have  the  same  edge  sets,  any  state  F  of  G[uv]  is  a  state  of  G  and 
vice  versa.  What  we  must  show  is  that  every  state  F  in  which  GK'Iuv]|£  is  working  implies,  in 
a  one-to-one  correspondence,  that  all  w«K  can  communicate  with  u  or  v  in  GKlF. 

Let  F  be  state  of  GK  in  which  ail  weK  can  communicate  with  u  or  v,  i.e.,  there  exists  a 
path  of  working  edges  from  every  vertex  m>€K  to  u  or  v  in  G*!/1.  Every  such  path  must 
correspond  to  a  path  of  Gk'Iuv]  1/  from  weK'  to  u'  so  that  Gk'Iuv] \F  is  working. 

Conversely,  if  F  is  a  working  state  of  Gk'Iuv],  then  all  weK'  can  communicate  with  u\ 
i.e.,  there  exists  a  path  of  working  edges  in  Gk'Iuv] I F  from  each  wtK'  to  u'.  But  any  such 
path  corresponds  to  a  path  in  GkI/  from  w  to  u  or  v.  Thus  any  working  state  of  Gk'Iuv] 
corresponds  to  a  state  in  Gk  in  which  every  vertex  weK  can  communicate  with  u  or  v.  □. 

Now,  without  further  ado,  we  state  and  prove  Theorem  3.2. 

Theorem  3.2:  Let  Gk  be  a  graph  with  subgraph  G *  and  associated  separating  pair  {«,  v)  as  in 
Theorem  3.1.  Then  the  subgraph-to-chain  reduction  can  be  carried  out,  i.e.,  all  chain-edge  reli- 


abilities  and  the  factor  ft  computed,  by  solving  one,  two,  three  or  four  K-terminal  reliability 
problems  defined  on  G. 

Proof:  Cases  (a)-(f)  here  correspond  directly  to  cases  (a)-(f)  in  Theorem  3.1. 

(a)  (K-u-v— 0)  R(Gk)  is  affected  by  G  only  in  whether  or  not  u  and  v  can  communicate 
through  G.  Therefore,  G  is  replaced  by  the  edge  e,-(u,  v)  with  />,-/?  (G(a> „)).  Only  a  single 
two-terminal  reliability  problem  defined  on  G  must  be  solved  here. 

(b)  (u,  vtK  and  K—u—v&0)  Here,  two  problems  must  be  solved  to  derive  pr  and  ft.  By 
Lemma  3.1, 

ft  —  Probi. All  h»€K-u-v  can  communicate  with  u  or  v) 

-  R(Gic'luv)) 

where  K'-K—  u—  v+u'.  So  ft  can  be  computed  by  coalescing  vertices  u  and  v  in  6^,  making 
the  coalesced  vertex  u'  a  new  K-vertex  and  computing  the  reliability  of  the  resulting  graph. 
Since  pr—R(G^)/Cl,  p,  can  be  obtained  after  computing  ft  and  the  reliability  of  G*. 

(c)  (ueK,  v<K  and  K—u*0)  All  that  must  be  shown  here  is  how  to  .ompute  a,  /3,  and  8, 
since  p„  p„  and  ft  can  be  derived  from  those  values.  From  the  definition  of  a,  p  and  5  we 
have 

(3.8) 

/?«?*) -0  +  8  (3.9) 

and  by  Lemma  3.1 

R(Gt-u+Juv1)  -a  +  ft  +  8  (3.10) 

Solving  these  equations  for  a,  0  and  8  is  trivial  and  thus,  this  reduction  can  be  carried  out  by 

solving  three  reliability  problems  defined  on  G. 

If  !k-u |-1  in  the  above  case,  the  next  equation  is  also  valid  and  may  be  used  to  replace 
Equation  3.10: 

This  equation  has  the  advantage  that  no  coalescing  of  vertices  has  to  be  performed  and  the 
complexity  of  computing  reliability  on  the  original  component  may  be  less.  For  example,  G 
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may  have  a  series-parallel  structure  which  is  destroyed  by  coalescing  u  and  v. 

(d)  (u,vlK  and  K— {w})  Analogous  to  Equations  3.8,  3.9  and  3.10,  but  with  the  definitions  of 
a,  /9,  and  8  from  Theorem  3.1(d),  we  have 

*(^lt+w+v)  "  8 
R(Gt+u)  -  0  +  8 
R  (Gj£+1()  ™  a  +  8 

which  are  easily  solved.  Note  that  in  lieu  of  any  one  of  the  above  equations, 

*«?*+>vl)  ™  a  +  0  +  8 
could  also  be  used. 

(e)  (u,v*K,  |K I  ^2  and  k^0)  From  the  definitions  of  a,  /9,  8  and  -y  in  Theorem  3.1(e),  and 
using  Lemma  3.1,  the  following  relations  hold: 

R(G^+U)  «  8  +  y 
”«  +  > 

/K<?lt+J('l«v])  —  a+  /3  +  8  +  y 
These  too  are  easily  solved 

(f)  (u.v^K,  |K|>2  and  K— 0)  From  Theorem  3.1(f)  and  Lemma  3.1  we  have 

*(£*)  -0 
/KGit+^ittvJ)  -  a  +  0 

and  therefore  this  reduction  can  be  carried  out  by  solving  two  reliability  problems  defined  on 

Therefore,  by  solving  one,  two,  three  or  four  reliability  problems  on  G,  G*  may  be 
replaced  by  a  chain  of  one,  two  or  three  edges  so  as  to  yield  a  reliability-preserving  reduction.  □ 

3.4  Extension  to  Unreliable  Vertices 

The  results  of  the  previous  two  sections  may  be  generalized  to  handle  separating-pair  ver¬ 
tices  u  and  v  which  may  be  unreliable.  Other  vertices  in  the  graph  may  be  unreliable  also 
without  affecting  any  of  the  results.  We  will  not  provide  proofs  here  but  just  give  the  necessary 


‘  ’  *  *  >*♦ 


^  t 


55 


information  to  carry  out  the  reductions.  As  in  section  2.6,  the  notation  will  be  changed  to 
emphasize  the  fact  that  the  separating-pair  vertices  are  unreliable.  We  let  vj  correspond  to  u 
and  V2  correspond  to  v,  and  indicate  respective  vertex  reliabilities  by  p\  and  p2  for  the  original 
graph  (7k  and  p\  and  p2  for  the  reduced  graph  G'k-  The  reduction  process  is  naturally  more 
complex  here  but  in  all  cases  (a)-(f),  the  new  chain  to  be  introduced  is  the  same  as  in  Theorem 
3.1  (a)-(f).  In  order  to  compute  all  parameters  for  these  reductions  it  may  be  necessary  to 
evaluate  the  reliability  of  up  to  six  different  graphs  defined  from  (7,  including  the  reliability  of 
that  graph  with  vt  or  v2  deleted. 

Theorem  3.3:  Let  Gk  be  a  graph  whose  non- K- vertices  may  be  unreliable.  Also,  let  Gk  be  a 
nonseparable  graph  with  separating  pair  {vj.vJ  such  that  Gk-G^U  Gg,  VnV-{vi,vJ  EnE-0, 
|E|>2,  and  |E> 2.  Then  G*  may  be  replaced  by  a  chain  *(v],  v2)  consisting  of  one,  two  or 
three  edges  to  obtain  a  reliability-preserving  reduction  of  Gk  to  Gk  -G^U^Cv),  v2).  Further¬ 
more,  all  chain-edge  reliabilities,  vertex  reliabilities  and  any  multiplication  factor  can  be 
obtained  by  computing  the  reliability  of  no  more  than  six  problems  defined  on  G. 

The  reductions  below  depend  on  computing  the  reliability  of  a  graph  in  which  one  or  two 
vertices  have  been  conditioned  to  be  working  or  failed.  When  a  vertex  v,  is  failed  in  graph  G*, 
it  and  its  incident  edges  are  deleted  and  we  use  the  notation  G*-  v,,  which  was  introduced  ear¬ 
lier.  We  use  the  notation  G^l  v,.  when  vertex  v,  is  working,  i.e.,  is  perfectly  reliable.  The  ver¬ 
tex  v'-v1Uv2  is  always  assumed  to  be  perfectly  reliable.  Cases  (a)-(f)  below  correspond 
directly  to  cases  (a)-(f)  in  Theorems  3.1  and  3.2. 

(a)  (k-vr-v^B)  Here,  />,-/?(</{„,„ j)  and  if  vitfK  then  P\—p\  and  if  v2^K  then  p2'-p2. 
(Recall  that  any  K-vertex  is  considered  completely  reliable  so  if  v2eK  or  v2€K  here  or  below, 
we  do  not  explicitly  refer  to  the  reliabilities  of  these  vertices.) 

(b)  ( »i,  v2eK  and  K-  vj-  v2s*0)  There  is  no  change  in  this  reduction  since  u,  veK. 

(c)  (v)CK,  v2IK  and  K-u- v*0)  New  multiplication  factor  and  reliabilities  are  given  by 

8  8 
Pr  ”  a+8  Pi  ~  fl+3 

,  _  0+8  n  _  (a-h8)(g+8-h<6) 

"  "  0+8+4  ”  8 


Parameters  a,  p,  8  and  <£  can  be  obtained  from  the  following  equations: 


A(GtL+,JvJp2  -  8 
/?(<?*!  V2)p2  ~  P  +  8 
&(&it-i'l+,'lviyJ)P2  —  a  +  /}  +  8 
R  ( Gjt  -  vj)  q2  ™  ^ 

(d)  (u,v4 K  and  K— (w))  The  new  multiplication  factor  and  reliabilities  are  given  by 


Parameters  a,  0,  8  and  <8  can  be  obtained  from  the  following  equations: 


X(Gt+vx+*Jvbv2>PiP2m'  * 

R(Gi+,x\vhvdpiP2- P  +  8 
a  +  8 

/?(Cn+v-vllv2)«IPl-  * 

^G^,-v2\vl)pxq2^  9 

(e)  (u,vi K,  |K|^2  and  K^0)  The  new  multiplication  factor  and  reliabilities  are  given  by 


p{-  -i±2- 
8+y+fl 


Parameters  a,  p,  8  and  y  can  be  obtained  from  the  following  equations: 


^(0^,y+,2\v,,v2)ptp2-y 
•^^R+»,Ivi»v^PiP2“8  +  y 
/?  ( <7*+ »ai  vi»  vj)  />iP2  “  «  +  y 

R(G£ 

+  *'  [vivj)pip2-  a  +  /J  +  8  +  y 
Vil  V2>Pl«2  “  $ 
*(6rt+»~v2lvl>Pl?2“  9 
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(f)  (v,,  v2*K,  |K|>2  and  K^0)  In  this  reduction  vi  and  v2  become  K-vertices  and  thus  we  do 
not  explicitly  define  p{  and  p{.  The  multiplication  factor  and  edge  reliability  for  this  reduction 
are  given  by 


Pr-  A  -a+0+<*> 


a+P+4> 

Parameters  a,  j9  and  4  may  be  obtained  from  the  following  equations: 


Vl,  V2)p\P2  -  0 

^(Gg+|l*[viV2])pi/»2  *  a  +  P 

R(Gg—  V[)  vj)qiP2  +  R(Gg—  v2|  v\)  p\q2  +  R(G^—  vj—  v2)^j®2  “  4> 


□ 


Chapter  4 


Polygon- to-Chain  Reductions  and  Factoring 


4.1  Introduction 

In  this  chapter  we  investigate  the  complexity  of  computing  K-terminal  reliability  when 
using  a  factoring  algorithm  coupled  with  simple  reductions  and  the  new  polygon-to-chain  reduc¬ 
tions  of  Chapter  2.  We  place  one  restriction  on  edge  selection  and  establish  a  optimal  edge- 
selection  strategy  for  a  factoring  algorithm  when  2<|K|<5  or  |v|-2<  |K|<  |V|.  The  amount 
of  work  performed  by  this  algorithm  is  shown  to  be  proportional  to  a  combinatorial  invariant  of 
G  called  the  minimum  domination.  When  the  restriction  on  edge  selection  is  removed,  algo¬ 
rithmic  complexity  is  essentially  unchanged  for  |V|— 2<  |K|<  |V|  but,  for  |K|  in  the  lower 
range,  minimum  domination  turns  out  to  be  only  a  tight  upper  bound  on  complexity.  These 
new  results  are  significant  from  a  computational  viewpoint  since  minimum  domination  may  be 
exponentially  smaller  than  the  computational  bound  attainable  without  using  polygon-to-chain 
reductions. 

A  factoring  algorithm  for  computing  K-terminal  reliability  is  essentially  an  implicit  state 
enumerator.  We  recursively  apply  Equation  1.3,  making  reductions  and  attempt  to  avoid  zero 
reliability  graphs  so  as  to  enumerate  explicitly  as  few  states  as  possible.  We  stop  when  the  reli¬ 
ability  of  the  reduced  graphs  can  be  computed  directly  without  further  factoring.  A  recursive 
algorithm  of  this  type  is  a  backtrack  procedure  because  a  partial  solution  is  extended  until  com¬ 
pletely  solved;  the  algorithm  backtracks  to  the  last  created  partial  solution  and  extends  that 
solution;  and  continues  on  in  this  way  until  all  partial  solutions  are  solved,  and  thus  the  whole 
problem  is  solved.  Chang  [1981]  and  Johnson  [1982]  discuss,  in  detail,  backtrack  algorithms 
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tailored  to  network  reliability. 

The  backtrack  procedure  can  be  represented  by  a  binary  search  structure-binary  because 
at  each  factoring  step  of  the  algorithm,  exactly  two  subproblems  are  created.  If  the  complexity 
of  the  reductions  and  edge-selection  strategies  employed  is  polynomial^  bounded,  then  the 
complexity  of  the  whole  algorithm  is  essentially  proportional  to  the  number  of  leaf  nodes  in  the 
backtrack  structure  since  this  number  tends  to  be  exponential  in  the  size  of  the  problem. 
Satyanarayana  and  Chang  [1981]  analyzed  the  complexity  of  computing  J?(GK)  using  a  factor¬ 
ing  algorithm  with  series  and  parallel  reductions.  They  found  that  the  number  of  leaves  in  the 
associated  backtrack  structure  is  at  least  equal  to  the  "domination”  of  GK,  a  combinatorial 
invariant  denoted  DiGy).  Using  a  simple  edge-selection  strategy,  they  further  showed  that  it  is 
possible  to  create  a  backtrack  structure  which  has  exactly  D(GK)  leaves.  Therefore,  a  factoring 
algorithm  using  this  strategy  and  series  and  parallel  reductions  is  optimal. 

Chang  [1981]  goes  one  step  further  and  analyzes  a  factoring  algorithm  for  the  all-terminal 
problem  which  utilizes  parallel  and  degree-2  reductions.  He  proves  that  the  optimal  algorithm 
generates  a  backtrack  structure  with  the  number  of  leaves  equal  to  another  combinatorial 
invariant  called  the  "minimum  domination’  of  G.  The  minimum  domination,  denoted  MiG), 
is  the  minimum  of  ZHG*)  over  all  KCV,  with  |K|-2.  (Johnson  [1982]  points  out  that  MiG) 
is  equivalent  to  a  combinatorial  invariant  on  the  graphic  matroid  of  G  called  the  ’Crapo  beta- 
invariant.*)  Chang  and  Johnson  also  provide  simple  edge-selection  strategies  which  insure  that 
the  algorithm  is  optimal.  DiG\)  may  be  exponentially  larger  than  MiG)  so  this  minimum 
domination  result  is  important.  Unfortunately,  the  analysis  does  not  extend  to  the  general  K- 
terminal  case. 

One  would  hope  that  adding  polygon-to-chain  reductions  to  the  arsenal  of  reductions 
would  significantly  reduce  the  computational  complexity  of  a  factoring  algorithm.  We  already 
know  from  the  exposition  in  Chapter  2  that  this  will  be  true  in  some  cases.  Since  the  polygon- 
to-chain  reductions  can  be  bought  for  little  more  than  the  cost  of  simple  reductions  alone,  only 
two  facts  must  be  established  in  order  to  develop  a  good  factoring  algorithm:  (/)  The  edge- 
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selection  strategy  devised  can  be  implemented  efficiently;  and  (//)  this  strategy  will  produce 
fewer  leaves  in  the  backtrack  structure  than  other  possible  strategies.  We  will  do  this  by  gen¬ 
eralizing  the  minimum  domination  results  of  Chang  [1981]  pertaining  to  the  all-terminal  prob¬ 
lem.  As  will  be  seen,  we  are  only  successful  for  2 <  |K| <5  and  |V|-2<  |K|<  |V|. 

4.2  Preliminaries 

In  this  section,  we  define  a  few  pertinent  concepts  and  detail  useful  properties  of  the  com¬ 
binatorial  invariant,  minimum  domination.  A  K-tree  of  a  graph  G*  is  any  minimal  graph  which 
connects  all  the  K- vertices  of  G*.  It  is  a  tree  which  covers  ail  K- vertices  and  whose  degree- 1 
vertices  are  all  in  K.  An  edge  is  irrelevant  if  it  does  not  lie  in  some  K-tree  of  Gk. 

A  formation  of  Gk  is  a  set  of  K-trees  whose  union  is  Gk-  Letting  N0  be  the  number  of 
odd  cardinality  formations  of  Gk  and  letting  Nt  be  the  number  of  even  cardinality  formations 
of  Gk,  then  the  domination  of  Gk  is  defined  by 

D(Gk)  -  |A0-A,| 

Clearly,  Z)(GK)  is  a  combinatorial  invariant  of  Gk- 

The  minimum  domination  of  a  graph  G  is  defined  by 
Mi G)  -Ki|jip  D(Gk) 

The  following  properties  of  MiG)  are  established  or  implicit  in  Chang  [1981]. 

Property  4.1 

(a)  MiG)  -  MiG-e)  +  MiG'e). 

(b)  MiG)  is  invariant  under  series  and  parallel  replacements. 

(c)  MiG)  >0  if  and  only  if  G  has  no  self-loops  and  is  biconnected. 

(d)  M(G)-1  if  and  only  if  G  is  single  edge  or  a  biconnected  series-parallel  graph. 

Property  4.1a  is  a  factoring  theorem  for  minimum  domination,  and  along  with  the  other 
properties,  it  will  enable  us  to  analyze  the  amount  of  work  a  network  reliability  factoring  algo¬ 
rithm  requires.  In  the  next  section  we  briefly  specify  a  framework  for  a  network  reliability 
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factoring  algorithm  and  show  how  Property  4.1  may  be  utilized  to  find  the  optimal  algorithm  for 
the  all-terminal  problem  within  the  given  framework.  A  similar  tack  is  taken  in  the  analysis  of 
the  K-terminal  problem  in  Section  4.4. 

4.3  Optimal  Factoring  Algorithms 

The  following  algorithm  which  employs  the  recursive  function  REL,  describes  a  general 
framework  for  computing  network  reliability  via  factoring. 

Algorithm  4.1 
MAIN 

Input :  A  non-separable  graph  Gk  with  associated  edge  probabilities. 

Output:  K-terminal  reliability  of  G*. 

(1)  /1-REL(Gk) 

(2)  Print ( ’R(GK)  is"  R  )  and  STOP. 

End  of  MAIN. 

REL(Gk) 

Input :  Graph  GK  with  associated  edge  reliabilities. 

Output:  Returns  the  value  R  which  is  the  K-terminal  reliability  of  GK. 

(1)  M—  1. 

(2)  If  Gk  is  disconnected,  Return  (0). 

(3)  If  |K|-1,  Return  (1). 

(4)  Until  no  more  reliability-preserving  reductions  can  be  made 

(a)  Make  any  desired  reduction  on  Gk  to  obtain  GV  and  fl  such  that 

R(GK)-n/?(GV). 

(b)  M—Mil. 

(c)  Gk*— G'k- 

(5)  If  Gk  is  a  K-tree,  Return  ( M  n^p,) . 

(6)  Select  an  edge  e, . 

(7)  R—M(p,KEL  ( GK’  ,e,)+qiREL(GK-ei)) 

(8)  Return  (R). 

End  of  REL 


dii 


The  exact  complexity  of  the  above  algorithm  will  of  course  depend  on  what  sort  of  reduc¬ 
tions  are  used  and  how  much  work  is  required  to  select  an  edge  for  factoring.  However,  the 
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reductions  and  edge-selection  strategies  are  generally  of  polynomial  complexity,  and  so  we  usu¬ 
ally  worry  only  about  the  number  of  calls  to  REL  since  this  number  tends  to  be  exponential. 
Each  call  to  REL  corresponds  to  a  node  of  the  related  binary  search  structure.  The  total 
number  of  these  nodes  is  proportional  to  the  number  of  leaf  nodes  in  the  structure  so  we  say 
that  the  algorithm’s  complexity  is  proportional  to  the  number  of  leaf  nodes  in  the  associated 
binary  search  structure. 

Suppose  we  use  Algorithm  4.1  with  a  particular  set  of  reductions  and  a  particulai  edge- 
selection  strategy  and  show  that  the  number  of  leaves  in  the  associated  binary  search  structure 
must  be  equal  to  some  combinatorial  invariant  of  the  graph  such  as  domination  or  minimum 
domination.  If  we  can  show  that  any  other  edge-selection  strategy  yields  a  number  of  leaves 
which  is  greater  than  the  invariant,  then  the  algorithm  must  be  optimal.  We  show  this,  subject 
to  one  restriction,  when  2<|K|<5  or  when  (V|-2< |K|< |V|.  By  then  removing  the  restric¬ 
tion,  we  find  that  the  number  of  leaves  in  the  backtrack  structure  is  essentially  unchanged  for 
|Vl-2<|Kk|V|,  but  may  actually  be  less  than  the  value  of  the  invariant  for  2<|K|<|5|; 
thus,  we  have  an  algorithm  which  is  demonstrably  better  than  previously  available  algorithms 
and  whose  complexity  is  bounded  but  which  is  not  necessarily  optimal  in  all  cases. 

We  note  that  there  is  no  known  way  of  computing  DiG *)  or  MiG)  other  than  using  a 
factoring  algorithm  or  other  exponentially  complex  procedure  unless  G  possesses  some  special 
structure.  Consequently,  the  complexity  results  do  not  normally  yield  any  a  priori  estimate  on 
the  computational  requirements  of  a  specific  problem.  Below,  we  discuss  how  domination  and 
minimum  domination  have  been  used  to  find  optimal  factoring  algorithms. 

Satyanarayana  and  Chang  [19811  show  how  a  network  reliability  factoring  algorithm  using 
series  and  parallel  reductions  must  create  at  least  D(Gv)  leaf  nodes  in  its  search  structure.  If 
the  algorithm  never  factors  so  as  to  create  graphs  with  irrelevant  edges  or  graphs  which  are 
disconnected,  then  the  number  of  leaves  will  be  exactly  equal  to  D(Gk)  and  the  algorithm  will 
be  optimal.  An  optimal  edge-selection  strategy  for  this  algorithm  is  easily  implemented.  We 
will  not  go  into  detail  about  this  particular  algorithm  but  rather  describe  how,  for  the  all- 
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terminal  problem,  an  algorithm  can  be  found  which  will  optimally  produce  only  Mi  G )  leaves. 
This  discussion,  a  synthesis  of  Chang  [1981]  and  Johnson  [1982],  is  the  basis  for  the  complex¬ 
ity  results  of  Section  4.4. 

Consider  using  Algorithm  4.1  with  parallel  and  degree-2  reductions  in  order  to  compute 
RiG\).  Self-loops  will  never  be  created  because  they  can  only  occur  if  parallel  edges  are  not 
reduced.  Suppose  that  we  can  always  find  an  edge  to  factor  on  which  never  creates  cutvertices 
in  either  of  the  induced  graphs.  If  this  is  possible,  then  the  minimum  domination  of  all  the 
induced  graphs  will  always  be  greater  than  or  equal  to  1  by  Properties  4.1c  and  4.  Id.  Using  this 
fact  and  Properties  4.1a  and  4.1b,  the  domination  of  all  leaf  nodes  must  sum  to  M(G).  Since 
the  domination  of  each  leaf  node  graph  must  be  1,  the  total  number  of  leaf  nodes  will  be 
MiG). 

It  is  not  hard  to  see  that  MiG)  is  the  minimal  number  of  nodes  possible  in  this  algo¬ 
rithmic  framework.  Let  G'  be  some  graph  intermediate  in  the  factoring  algorithm.  G'  admits 
no  parallel  or  degree-2  reductions  and  MiG')>  1.  Suppose  we  select  an  edge  e  for  factoring 
such  that  either  G'*e  or  G'-e  is  separable.  Only  one  of  these  induced  graphs  can  be  separable 
since  MiG')—MiG'*e)+MiG'—e)  and  if  both  were  separable,  we  would  conclude  that 
MiG')” 0  which  would  be  a  contradiction.  Now  assume  without  loss  of  generality  that  G'me  is 
separable.  Associated  with  G'*e  is  at  least  one  leaf  node  in  the  algorithm's  search  structure  and 
associated  with  G'-e  are  at  least  MiG')  leaf  nodes.  In  this  case,  the  algorithm  must  create  at 
least  MiG')+\  leaf  nodes  below  G'  and  therefore  at  least  A/((7)+l  leaf  nodes  in  total.  Thus 
an  algorithm  which  creates  cutvertices  cannot  create  the  minimal  number  of  nodes  possible  in 
its  search  structure.  The  algorithm  which  never  creates  separable  graphs  will  be  optimal  if  the 
edge  selection  strategy  can  be  carried  out  efficiently.  This  is  easily  done. 

Chang's  edge-selection  strategy  amounts  to  factoring  on  any  edge  which  is  not  adjacent  to 
any  vertex  of  a  separating  pair.  If  G  is  triconnected  then  any  edge  will  do.  Otherwise,  an 
appropriate  edge  can  be  identified  by  examining  the  triconnected  components  and  separating 
pairs  of  G  and  therefore,  the  edge-selection  can  be  carried  out  in  linear  time  (See  Section  3.2). 


Johnson  also  shows  that  if  G  is  biconnected,  there  must  exist  a  split  component  of  G  which 
has  only  one  virtual  edge  and  at  least  five  real  edges  and  that  any  edge  of  such  a  component 
may  be  selected  for  factoring. 

4.4  New  Complexity  Results  for  the  K-terminal  Problem 

Now  let's  take  a  look  at  the  complexity  of  a  factoring  algorithm  utilizing  simple  reductions 
and  polygon-to-chain  reductions.  In  order  to  simplify  the  initial  discussion,  one  restriction  is 
first  applied:  Never  factor  on  an  edge  e  of  G*  such  that  |K'|— 1  in  GxV  It  will  be  shown  that 
for  2<|K|<|5|  or  |V|— 2<|K|<|V|,  the  optimal  restricted  algorithm  will  generate  MiG) 
leaves  in  its  associated  binary  search  structure  and  that  a  simple,  linear-time  edge-selection  stra¬ 
tegy  will  achieve  this.  These  results,  while  not  completely  general,  are  significant  from  a  com¬ 
putational  point  of  view.  Consider  the  graph  of  Figure  4.1.  If  we  use  the  factoring  algorithm 
of  Satyanarayana  and  Chang  [1981]  which  employs  series  and  parallel  reductions,  the  complex¬ 
ity  of  computing  R  (GK)  is  proportional  to  D(Gk)"2(IEI-2,/j.  With  the  addition  of  polygon-to- 
chain  reductions,  the  complexity  of  of  the  optimal  algorithm  is  proportional  to  A/(G)~1. 

Results  are  basically  unchanged  for  |V|-2< |K|^|V|  when  the  restriction  on  edge  selec¬ 
tion  is  removed.  However,  when  2<|K|<5  it  may  be  possible  to  produce  fewer  than  MiG) 
leaves  in  backtrack  search  structure  by  factoring  so  as  to  give  |K  I— 1  in  an  induced  graph. 
MiG)  then  becomes  a  tight  upper  bound  on  computational  complexity.  Actually,  instead  of 
factoring  on  such  edges,  we  will  define  an  extended  reliability-preserving  reduction  which 
deletes  any  edge  connecting  two  K-vertices  when  |Kl-2  and  show  that  this  reduction  cannot 
increase  complexity. 

Preliminary  results: 

It  is  not  hard  to  explain  why  the  results  of  this  section  are  limited  to  such  unusual  values 
of  |K|.  The  optimal  restricted  algorithm  depends  on  always  being  able  to  find  an  edge  of  G  to 
factor  on  such  that  both  G*e  and  G—e  are  biconnected.  Figures  4.2a  and  4.2b  show  minimal 
pseudo-triconnected  graphs  with  |K|— 6  and  |K|—iV|-3  respectively.  Note  that  no  matter 
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which  edge  is  selected  for  factoring,  G—e  must  have  a  cutvertex.  The  following  lemma  is 
necessary  for  proving  that  it  is  always  possible  to  find  a  suitable  edge  for  factoring  if  iKl  is 
within  the  given  range. 

Lemma  4.1:  Suppose  G  is  biconnected  and  has  no  series  or  parallel  edges  but  is  not  tricon- 
nected.  Then  there  exist  two  split  components  of  G  each  containing  at  least  five  real  edges  and 
only  one  virtual  edge. 

Proof:  Since  G  is  biconnected  but  not  triconnected,  it  must  contain  at  least  one  separating  pair. 
Let  {«,  v)  be  the  separating  pair  which  allows  us  to  partition  G  into  two  graphs  G(1)  and  G(2) 
with  G«G(1)UG(2\  E(1)nE(2)-0,  V(l)nV(2)— {«,  v),  |E(I)|>2,  |E<2)|>2,  and  such  that  EU)  is 
minimal.  Letting  e(,)—  (u,  v)  be  a  virtual  edge,  G(1>+e(1>  is  a  split  component  of  G  since  it  can¬ 
not  be  split  any  further.  Since  G  had  no  series  or  parallel  edges,  |V(1)|>4  and  |E(4)|>5 
(Satyanarayana  and  Chang  [1981]). 

Next,  consider  G(2)+*(2)  where  e(2)-(u,v)  is  a  virtual  edge.  If  G(2)+e(2)  is  triconnected 
it  is  the  other  split  component  we  were  looking  for  and  we  are  done.  Otherwise  it  must  be 
biconnected.  Partition  G(2)+e<2>  by  a  separating  pair  {x,>}  such  that  G(2)+e(2)-G(3)U  G<4), 
etc.,  but  e(2)fE(3)  and  E(3)  is  minimal.  Since  e(2)fE(3),  G(3)  contains  no  parallel  edges  and  by 
construction,  it  contains  no  series  edges.  As  argued  before,  then  |V(J)|>4  and  |E(3)|>5.  Let¬ 
ting  e(3)-(x,.y),  be  a  virtual  edge,  we  see  that  G(3)+e<3)  is  a  split  component  of  G  and  the 
proof  is  complete.  □ 

Johnson  [1982]  proves  this  next  helpful  lemma. 

Lemma  4.2:  If  G  has  no  series  or  parallel  edges  and  is  biconnected  but  not  triconnected,  then 
G*e  and  G—e  will  both  be  biconnected  if  e  is  any  real  edge  of  one  of  the  split  components  of 
G  as  specified  in  Lemma  4.1. 

Our  new  complexity  results  for  the  K-terminal  reliability  problem  will  follow  directly  from 
the  following  tedious  theorem. 

Theorem  4.1:  Let  G*  be  a  nontrivial,  biconnected  graph  which  admits  no  simple  or  polygon- 


to-chain  reductions.  If  2< |K|<5  or  |V|-2<  |K|<  I V |  then  there  exists  an  edge  e(E  such  that 
Af(GV)>0  and  M(G-e)> 0. 

Proof:  <?k  being  nontrivial,  biconnected  and  admitting  no  reductions,  implies  that  M(G)>  1. 
Therefore,  by  Property  4.1c,  we  need  only  show  that  an  edge  etE  exists  such  that  G'e  and 
G—e  are  both  biconnected.  In  the  rest  of  the  proof,  we  let  G+  be  G  with  all  chains  of  length 
two  and  three  replaced  by  single  edges,  and  we  let  K+-{  v:  veK,deg(v)>2j. 

Case  la:  G+  is  Unconnected  and  2<|K|<5.  This  implies  that  |E+|^6,  |V+|>4  and  there  can 
be  at  most  five  chains  containing  degree-2  K-vertices.  Thus,  there  exists  an  edge  eeE*  which 
corresponds  directly  to  an  edge  etE  as  opposed  to  corresponding  to  a  chain.  Since  G+  is  un¬ 
connected,  G+,e  and  G*—e  must  both  be  (at  least)  biconnected.  These  graphs  may  be 
obtained  via  series  and  parallel  replacements  from  G*e  and  G—e,  respectively,  and  thus,  by 
Properties  4.1b  and  4.1c,  we  have  M(G*e)—M(G+*e)> 0  and  Af(G-e)— A/(G+-e)>0. 

Case  lb:  G+  is  unconnected  and  |V|-2<|K|<|V|.  We  need  to  find  an  edge  e«E+  which 
corresponds  directly  to  an  edge  eeE.  It  will  suffice  to  find  (u,  v)  where  u,  veK+.  Such  an 
edge  cannot  correspond  to  a  chain  of  length  two  or  three  in  G,  since  otherwise  G*  would  admit 
a  degree-2  reduction  contrary  to  assumption. 

Now,  |V+|>4  since  G+  is  non-trivial  and  unconnected.  Select  any  two  vertices  x,yeK+. 
By  Menger's  well-known  theorem,  there  exist  three  node  disjoint  paths  from  x  to  y  since  G  is 
Unconnected.  At  least  one  such  path  must  contain  only  K-vertices  since  there  are  at  most  two 
vertices  not  in  K+.  Any  edge  e— (u,  v)  in  that  path  will  have  k,v€K+.  Therefore  eeE+ 
corresponds  directly  to  an  edge  eeE.  The  rest  of  the  argument  follows  as  in  Case  la  and  we 
have  M(G*e)>0  and  M(G-e)>0. 

Case  2a:  G+  is  biconnected  but  not  unconnected  and  2<|K|<5.  By  Lemma  4.1,  there  are  at 
least  two  split  components  of  G +  with  a  total  of  at  least  ten  edges.  At  least  five  of  these  edges 
must  correspond  directly  to  edges  in  G  so  select  any  such  edge  eeE*.  By  Lemma  4.2,  G**e 
and  G*-e  are  both  biconnected  and  by  Properties  4.1b  and  4.1c  we  have 
M(G*e)“ Af ( G* *e) >0  and  M(G-e)-M(G+-e)>0. 
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Case  2b:  G+  is  biconnected  but  not  triconnected  and  |V|-2< |K|< |V|.  As  in  Case  lb,  we 
need  only  show  that  :nere  exists  an  edge  e-(u,v)  in  one  of  the  split  components  of  G+  such 
that  u,v€ K+.  Suppose  there  is  no  such  edge.  But  there  must  exist  an  internal  vertex  welC*  in 
one  of  the  components.  By  "internal  vertex"  we  just  mean  one  of  vertices  of  a  component 
which  is  not  a  separating  pair.  Now,  under  the  supposition,  w  can  be  adjacent  to  at  most  two 
vertices,  neither  of  which  can  be  K-vertices.  This  implies  that  deg(v)<2  which  is  a  contradic¬ 
tion.  Therefore  there  must  exist  an  edge  e—iu,  v)eE+  such  that  «,  veK+.  This  edge  is  con¬ 
tained  in  one  of  the  split  components  of  G+  and  corresponds  directly  to  an  edge  eeE.  Thus 
G+*e  and  G+-e  are  biconnected  and  M(G*e)—M(G+,e)>0  and  Af(G-e)«M(G+-e)>0.  □ 

Theorem  4.1  essentially  provides  the  edge-selection  strategy  for  our  restricted  factoring 
algorithm:  Always  factor  on  an  edge  e  such  that  G*e  and  G—e  are  biconnected.  A  suitably 
modified  and  extended  version  of  Hopcroft  and  Taijan's  triconnected  decomposition  algorithm 
could  always  find  a  proper  edge  in  linear  time.  Therefore,  in  proving  the  optimality  of  the  res¬ 
tricted  factoring  algorithm,  we  shall  only  be  concerned  with  the  number  of  leaves  in  the 
algorithm's  backtrack  search  structure. 

It  would  be  handy  to  be  able  to  say  that  minimum  domination  is  invariant  under  simple 
reductions  and  polygon-to-chain  reductions.  However,  minimum  domination  is  defined  with 
respect  to  G,  not  Gk,  and  consequently,  such  a  statement  would  be  somewhat  inconsistent. 
Instead,  we  offer  the  following  property  for  reference;  its  validity  is  a  direct  result  of  Property 
4.1(b). 

Property  4.2:  Let  G' %■  be  obtained  from  Gk  by  any  number  of  simple  or  polygon-to-chain 
reductions.  Then  MiG')— MiG). 

Complexity  of  the  restricted  algorithm: 

Given  the  restriction  that  no  induced  graph  may  ever  have  |K|-1,  the  next  theorem 
proves  the  optimality  of  the  edge-selection  strategy  described  above. 

Theorem  4.2:  Let  Gk  be  a  biconnected  graph  with  2<|K|<5  or  |V|-2<|K|<  |V|.  Then  we 
can  compute  /?(Gk)  in  time  proportional  to  MiG)  using  a  factoring  algorithm  coupled  with 
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simple  reductions  and  polygon-to-chain  reductions  and  using  an  edge-selection  strategy  which 
never  creates  separable  graphs.  Furthermore,  when  restricting  edge  selection  to  those  edges 
which  never  create  induced  graphs  with  |K|-1,  this  edge-selection  strategy  is  optimal. 

Proof:  If  2<|K|<5  initially  ,  then  |K|  remains  within  this  range  in  the  graphs  created  as  the 
algorithm  proceeds  because  neither  factoring  nor  polygon-to-chain  reductions  ever  create  addi¬ 
tional  K-vertices,  and  because  we  do  not  allow  factoring  on  edges  so  as  to  create  graphs  with 
|K|— 1.  (From  Theorem  4.1  we  know  there  are  always  at  least  four  acceptable  edges  to  factor 
on  when  |K|— 2.)  Similarly,  no  reductions  or  factoring  can  ever  create  more  non-K-vertices  so 
if  |V|— 2<|K|<|V|  in  the  original  graph,  then  this  will  also  hold  in  any  of  the  graphs  encoun¬ 
tered  as  the  algorithm  factors  and  reduces. 

Since  |K|  always  remains  in  the  given  range,  and  since  after  factoring  we  do  all  possible 
simple  and  polygon-to-chain  reductions,  by  Theorem  4.1,  the  algorithm  will  always  be  able  to 
find  an  edge  e  such  that  G*e  and  G~e  are  biconnected.  Thus  MiG*e)> 0  and  MiG-e)> 0  at 
each  factoring  step  of  the  algorithm.  Using  this  fact  and  Properties  4.1a  and  4.2,  the  sum  of 
the  minimum  dominations  of  all  the  leaf  nodes  of  the  algorithm's  backtrack  search  structure 
must  be  MiG).  Since  the  minimum  domination  of  each  leaf  node  is  1,  the  total  number  of 
leaves  must  be  MiG).  Because  the  reductions  and  edge  selection  at  each  step  can  be  carried 
out  in  polynomial  time,  RiG *)  can  be  computed  in  time  proportional  to  MiG). 

The  argument  for  optimality  is  the  same  as  described  for  the  all-terminal  problem  in  Sec¬ 
tion  4.4.  □ 

Complexity  of  the  unrestricted  algorithm: 

We  discuss  next  how  the  complexity  of  the  factoring  algorithm  changes  when  we  allow 
factoring  on  an  edge  such  that  |K|-1  in  one  of  the  induced  graphs.  In  an  optimization  prob¬ 
lem,  the  value  of  the  objective  function  can  only  remain  the  same  or  improve  if  a  constraint  is 
removed.  Analogously,  the  unrestricted  algorithm  will  be  no  more  complex  than  the  restricted 
algorithm.  This  situation  deserves  a  little  more  attention  than  a  simple  statement,  however. 
We  analyze  the  change  in  complexity  for  |V|-2<  |K|<  |V|  and  2<  |K|<5  separately  below. 
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Theorem  4.3:  The  complexity  of  computing  R(Ga)  is  the  same  using  the  restricted  and  unres¬ 
tricted  algorithms  when  |V|-2<  |K|<  |V|. 

Proof:  The  algorithms  can  differ  only  when  |K'|— 2  in  some  induced  graph  G'K  Let  G*  be 
such  an  induced  graph.  If  |K|-|V|  or  |K|-|V|-1  in  the  original  graph  GK,  then  |V'|-2  or 
|V'!«-3  in  G'ic1,  A/(G')-1  and  the  unrestricted  factoring  never  comes  into  play  since  G'K 
represents  a  leaf  in  the  backtrack  search  structure  for  either  algorithm. 

If  |K|-|V|— 2  however,  it  is  possible  that  |K'|-2,  |V'|— 4  and  M(G')>1.  However,  this 
only  occurs  if  G'  is  the  complete  graph  on  four  vertices  in  which  case  Af(G')-2.  No  matter 
which  edge  is  chosen  for  factoring,  the  number  of  leaves  below  G'  will  be  two.  The  restricted 
algorithm  and  unrestricted  algorithm  might  not  yield  the  same  leaf  graphs  in  their  search  struc¬ 
tures  but  they  must  yield  exactly  the  same  number  of  leaves,  namely  Af(G).  □ 

There  is  an  alternative  method  of  looking  at  the  unrestricted  algorithm  which  simplifies 
the  rest  of  the  discussion.  Consider  a  graph  <7*  such  that  */— (u,  v)«E  and  K-{m,  v).  Factoring 
on  e,  gives 

/KG*)  *  Pi  +  qtR(Gic- e) 

But  this  is  just  an  extended  reliability-preserving  reduction  of  the  form 
RiGn)~[l\+[l2R(G'ii).  It  will  be  easier  to  discuss  the  complexity  of  the  unrestricted  factor¬ 
ing  algorithm  if  this  reduction  is  used  rather  than  explicitly  factoring  on  e,.  This  reduction  will 
be  called  the  trivial  reduction  and  would  normally  be  applied  whenever  possible.  Naturally,  it 
can  be  carried  out  in  linear  time. 

For  the  case  where  |K|— |V| — 2,  the  trivial  reduction  can  have  the  effect  of  reducing  an 
induced  graph  G'  with  A/(G')-2  to  G'-e,  with  M(G'-e)—l.  Thus  the  number  of  leaves  in 
the  unrestricted  algorithm's  search  structure  could  be  decreased  by  up  to  half  over  the  number 
created  by  the  restricted  algorithm.  However,  we  can  say  that  the  restricted  algorithm  is  still 
optimal  within  a  constant  factor.  Such  is  not  the  case  when  2<  |K|<5  as  will  be  demonstrated. 

Consider  the  graph  Gk  of  Figure  4.1.  If  we  add  the  edge  e-(s,  t),  then  the  complexity  of 
the  restricted  algorithm  becomes  proportional  to  Af(G+e)-2(lEl-3>/2.  The  complexity  of  the 


T 


72 


unrestricted  algorithm  with  the  trivial  reduction  is  proportional  to  A/(G)-1.  The  two  values 
vary  by  a  decidedly  non-constant  factor. 

It  seems  intuitively  clear  that  the  application  of  the  trivial  reduction  cannot  increase  com¬ 
putational  complexity.  However,  the  situation  is  complicated  a  bit  by  the  fact  that  deletion  of 
the  edge  between  the  two  K-vertices  may  create  a  separable  graph.  The  factoring  algorithm 
should  then  include  biconnected  decomposition  so  that  the  individual  blocks  can  be  identified 
and  handled  separately.  The  complexity  of  computing  /?(Gic-e,)  will  be  proportional  to  the 
sum  of  the  complexities  of  computing  the  reliability  of  the  non-trivial  blocks  of  Gr—  e,.  Trivial 
blocks,  i.e.,  bridges,  effectively  add  no  complexity  since  they  can  be  identified  and  evaluated 
within  the  linear-time,  biconnected  decomposition.  Note  that  the  search  structure  may  no 
longer  be  binary  after  a  trivial  reduction;  rather,  it  will  have  as  many  branches  below  GK-e,  as 
there  are  non-trivial,  biconnected  components  of  G^-e,. 

The  final  theorem  of  this  dissertation  says  that  application  of  the  trivial  reduction  cannot 
increase  the  complexity  of  the  factoring  algorithm  when  2<|K|<5.  The  notation  I(GK)  is 
used  to  indicate  the  number  of  leaves  in  the  unrestricted  algorithm's  search  structure  below  a 
graph  Gk- 

Theorem  4.4:  Let  Gk  be  any  biconnected  graph  with  2<  |K|<5.  Then  KGr—  e)< MiG). 

Proof:  The  argument  here  is  inductive  on  the  number  of  edges  in  G.  The  statement  is  obvi¬ 
ously  true  for  graphs  with  six  or  fewer  edges.  Assume  it  is  true  for  graphs  with  m  or  fewer 
edges  and  suppose  lEl-m+1. 

If  3<|K|<5,  the  proof  is  trivial.  Select  an  edge  e  for  factoring  which  satisfies  the  unres¬ 
tricted  algorithm's  edge-selection  strategy.  This  edge  is,  of  course,  the  same  for  both  algo¬ 
rithms.  Select  any  edge  e  such  that  G*e  and  G-e  are  both  biconnected.  This  gives 

I(Gk )  -  L(GK  *e)  +  UGK-e)  (4.1) 

<  M(G*e)  +  M(G-e)  by  the  induction  hypotnesis 
-  A/(G) 

If  I K 1-2  but  the  two  K-vertices  are  not  adjacent,  the  same  argument  holds. 
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Next  suppose  |K|— 2,  say  K— [u,  v},  and  u  and  v  are  adjacent.  Let  e—  iu,v).  The  next 
step  in  the  unrestricted  algorithm  is  to  reduce  CK  by  deleting  edge  e.  If  G-e  is  biconnected, 
then 


L(Gk)  -  LiGr-e)  (4.2) 

^MiG—e)  by  the  induction  hypothesis 

-  MiG)-MiG*e) 

<  MiG) 

The  only  difficult  case  arises  when  G-e  is  separable. 

If  G—e  is  separable,  then  G  must  be  of  the  form  G(,)U  G(2)Ue  as  shown  in  Figure  4.3a. 
We  add  the  zero-reliability  edges  e(1)—  (u,  w)  and  e(2>— (  v,  hO  as  shown  in  Figure  4.3b  and  first 
assume  that  Gr(n+e(1)  and  G™+e™  are  both  nontrivial,  i.e ,  their  minimum  dominations  are 
both  greater  than  one.  Then, 

MiG)  -  MiG+eM+e(2))  (4.3) 

-  MiG(u+e™)MiG™+ei2))  (4.4) 

>  M(Gil)+ea})  +  MiGi2)+e(2))  by  assumption  of  nontriviality 

>  Li  iGw+ew)M  )  +  Li  (G(2W2,)lv,.|  > 

-  L(C<1,(11W|)  +  Z,(G(2)(v,w|) 

-  LiGK-e) 

-  I(Ck) 

Equation  4.3  may  be  easily  derived  by  adding  edges  e(l)  and  et2)  to  G ,  factoring  on  those  edges 
and  applying  Property  4.1a  to  the  resulting  graphs.  Equation  4.4  follows  from  the  facts  that  (1) 
DiGK)-D(GK)DiGK)  if  G-GUG ,  EDE-0,  VnV-|«,v},  E^2,  E>2  and  K-{u,v);  and  (2) 
MiG)— D(G{Xty\)  for  any  adjacent  pair  of  vertices  x  and  y.  See  Chang  11981). 

One  of  G(I)  or  G™  but  not  both  may  be  a  single  edge.  Without  loss  of  generality, 
assume  that  <7U)  is  an  edge  et.  RiGn-~e)—ptRiG(2\^w |)  so  LiG k)  is  just  L(G<2)|  „.»-))• 
Therefore 

MiG)  -  MiG™+e™) 

>  LiiG{1)+ei2)) (,.,))  by  the  induction  hypothesis 

-  LiG™ |v.*|) 

-  LiGK)  □ 
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